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2YNAPTHZEIZ
MNEAIO OPIZMOY 2YNAPTHzZH2Z

MNa va Bpoupe to medio oplopoU PLag cuvaptnong, apkel va BPOoULE TIG TILEG TOU X YLOL TLG OTTOLEC
opilovtal oL MPAgeLg TTou avaypadovtol oTov TUTOo TNG CUVAPTNONG. Mo To AOyo autd XPNOLUOTIOLOUE
TOV MOPOKATW TivVoKa:

MINAKAZ NMEPIOPIZMQN
ZYNAPTHZH MEPIOPIZMOI MEAIO OPIZMOY
f(x)=ax +..+ax+a, Aev urtdpyouv A=R
. 1 g(x)=0 A=R—{xeR/g(x)¢O}
M50
f(x)= \/(_ g(x)=0 A:{xeR/g(X)ZO}
f(x)=Ing(x) g(x)>0 A={xeR/g(x)>0}
f(x)=e" g(x)eR A={xeR/g(x)eR}
F(x)=g(x)" g(x)>0 A={xeR/g(x)>0}
f(x)=nug(x) g(x)eR A={xeR/g(x)eR}
f(x)=ouvg(x) g(x)eR A= xeR/g(x)eR}
f(X):E(P ( ) g(x)iKn+§,K€Z A={XER/Q(X)¢KR+§,KEZ}
f(x)=0pg(x) g(x)=km,keZ A={xeR/g(x)¢Kn,KeZ}

n IZOTHTA ZYNAPTHZEQN

> Av tanebia oplopov D,,D, Twv cuvopticewv f,g eival ioa, TOTe amodelkvUoupe OTL KaL OL TUTIOL
toug eivat ioot, Snhadn f(x)=g(x).
> Av D, #D,, tote Bpiokoupe To cUvolo D =D, ND, kol otnv nepintwon mou eivaw D= J,

e€etdloupe av f(x)=g(x).
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B MPAZEIZ ZYNAPTHZEQN

Ma va opicoupe tg ovvaptioels f+9g, f—g, fg, Bpiokoupe to obvoho D=D, "D, katav D#J
BplokoupE TOV aVTIOTOLYO TUTIO EKTEAWVTAC TIC TIPAEELC. Mt TNV CUVAPTNON — KAVOUME Ta (Sla OTwg
g

KL TIPONYOULEVWG KaL ETTiONG amoutoOpe g(x)#0

n NPAODIKH NAPAZTAZH ZYNAPTHZHZ : ZHMEIA TOMHZ ME A=ONEZ KAI ZXETIKH

OEZH IPADIKQN NAPAZTAZEQN
» Znueio toung
Mo va Bpoupe Ta onpeia TOUNG TNG YPADIKAG TAPAOTOONG LG ouvapTnonG f UE :

A.Tov aova x'x : OEtoupe y = f(x) =0.Eotw Xx;,X,,....,X, OLAUOELG TNG e§lowong TOTE Ta {ntovpeva

onueia sivat ta (x,,0),(x,,0)....,(x,,0)

B. Tov &€ova y'y : Oétoupe x =0 ( av yivetal ) kot Bpiokoupe To f(O) . To {ntoupevo ( av urmtapyxet )

elvat to (O,f(O))

r. Tn vpadukr napdotacn pag cuvaptnaong g : Abvoupe tyv efiowon f(x)=g(x) kat éotw

X, X, .0y X, OLAOOELG TNG E€lOWONG TOTE T {NTOOHEVD ONpEia ivat ta (X, ¥, ),(X,,¥, ). (X, ¥, ) OMOU

y=1(x)=g(x,), kAn
» ZXETIKN F€0N YPAPIKWV MAPAOTHOEWV

H ypadwkn napdotaon tng f Bploketal mavw r KAtw amno tov x'x, otav f (x) >0 n avtiotola
f(x)<o0.

H ypadikn mapdotaon Tng ouvaptnong f Bploketal mavw f KATW amnod tn ypadikr mapAactacn ULog

ouvaptong g, otav f(x)>g(x) i avtiotoxa f(x)<g(x)

H 2YNOEZH 2YNAPTHZEQN

Mo va BpoUpe tn ouvBeon geo f Twv ocuvaptnoswv f,g akoAouBoU e Tnv €n¢g dtadikaaoia:

A. Apxwda Bpiokoupe ta edia oplopoy D,,D, twv cuvaptioewv f,g
B. 2tn ouvexela Bpiokoupe to clvoho D, . = {x €D, /f(x) € Dg} ouvaAnBelovtag Toug MEPLOPLOOUG

xeDbD
{f(x)feD .Av D, # opifetaLn geo f omote gof:g(f(x)):m
g
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n AMNOZYNOEZH ZYNAPTHZEQN

» EUpeon ocuvaptioswyv nov ouvI<touv uia ouvIsTn ouvaptnon

Otav divetal pia cuvaptnon f kot BEAouE va TV ekbpACOUUE WG oUVOeon U0 1) MEPLOCOTEPWV
CUVOPTHOEWV , TOTE TTAPATNPWVTOG TOV TUTIO TNG CUVAPTNONG ATIO «EEW» TIPOG TOL KUETALY,
npoonaboupe va BpoU e TIC BACLKEG CUVAPTAOELG TTOU CUVBETOUY TNV f

» Anotnv fog kattnv g, va Bpedein f

@€ToupE g(x) =k . AUVOULE TNV MponyoUEVN OXECN WCE TIPOG X I WG TPOG Pia TapAoTacH TOU X £T0L,

wote va petatpéoupe Ty (fog)(x) otn popdn f(k), ue avegdptnn petaBAntr to k.
» Anotnv fog kairtnv f, va Bpebein g

AvtikaBlotoupe otnv f(x) émou x to g(x) kat Bpickoupe v f(g(x)). E€LoWVOUpE TV f(g(x)) TOoU
nponyolpevou Bripatog pe Ty (fog)(x) :f(g(x)) ™G uM6BeONG Ko Auvoupe wg mpog g(x).

ANOZYNOEZH 2YNAPTHZEQN

> Sxéoeig e poperic f(xty)=....
A. lNa va Bpoupue to f(O) , ouvnBwcg avtikablotolpe x =y =0

B. MNa va anodeifoupe OTL n cuvaptnon f elval ApTLa r EPLTTH, oUVNBWG AVTIKABOLOTOUUE Yy =—X N
x=—y Qx=0ny=0.

Fevika Sivoupe ota X,y KATAANAEG TWEG yia va TtpokUEL To {NTOUEVO.
> Zxéoeis tng uoperis f(xy)=....

A. Ta va BpoUpe To f(l) , ouvnBwg avtikablotolpe x=y =1

B. MN'a va mpokUYPEL LooTNTA YE Evav ayvwoTo , ouvhBwe avtikablotolpe x=11N y=1 1 y=— Tlevikad
X

Slvoupe ota X,y KATAAANAEG TEC yLo va TIPOKUYEL TO {NTOULEVO.

n EYPEZH TYMNOY SYNAPTHEHE

> Ixéoeis tne popris kf (a—x)+Af (6+x)=g(x)

Eotw a—x=6+X < X=a—8—x: AvtIkaBLOTOUE 0T GXECN OTIOU TO X TO X KOL TIPOKUTITEL ial AAAN
OXECN TIOU TIEPLEXEL TAL f(a —x) Kal . 2Tn cuVEXELa AUVOUUE TO oUOTNHA TwV SU0 CXECEWV yLla val
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umohoyicoupe ta f(a—x) kaL f(6+x). AvBécoupe a—x =u mpoolopiloupe to f(u) dpa kat to
f(x)
» EUpEon TUMOU a0 QVIOOTIKEG OXECELG

Me KatdAANAES OVTIKOTAOTACELS TIPOCTIHBOUE VA SNILOUPYAGOULE TIG aVoWoELG: f(x)>g(x) ko

f(x)<g(x) and g onoieg mpokurret 6t f(x)=g(x)

n MONOTONIA ZYNAPTHZHZ

Mo va BpoUpe tn povotovia plag cuvaptnong f, akoAouBoupe tnv €n¢ Stadikaoia:

Oewpoupe X,,X, €A, 61ou A Sidotnpa Tou nediou oplopol A katto D, av auto bev anoteleital and

€vwon SLaoTNUATWY , HE X, <X, .

ST oUVEXELX pE SLaSOXIKEG CUVENAYWYEG TipooTtaBou e va oxnpaticoupe ta f(x,) ko f(x, ).
Av f(x,)<f(x,),toten f eivau yvnoiwg avouoa ato A, evw av f(x,)> f(x,), n f eivow yvnoiwg

dOivouoa oto A.

m EMIAYZH ANIZQZH2

Ma va AUCOUUE Ja aviowon TnG Hopdng f(x) >an f(x) <a KAVOUUE Ta €€NG :

> Bplokoupe pio mpodavr) TiuA Tou X, yLa TNV omoia L.oxVel f(x0)=a KaL n aviowon

uetotpénetat oty f(x)>f(x,) A F(x)<f(x,)
Bpiokoupe tn povotovia tng f

Y

> Avn f eivawyvnoiwg av§ouoa, tote yia va eivar f(x)> f(X,) 1O0x0ELOTL X > X, EVW yLa vl
givar f(x)<f(x,) woxvet x <x,
> Avn f eivaiyvnoiwg pbivouoa, tote yia va ivar f(x)> f(x,) toxVeL ot x <x, evw yia va

givar f(x)<f(x,) woxveL x>x,

m EYPEZH AKPOTATQN

> Avn f éxeLoOVOAO TLHWV [m,M] TOTE €XEL OALKO EAAXLOTO TO M Kal OALKO HEYLOTO TO M

» Av BéAoupe va BpoUE HOVO TO EAAXLOTO ) LOVO TO HEYLOTO TNG f, TOTE UE SLASOXLKEC
LOOSUVOLEG TTPOOTIABOUHE VOl KATAOKEVAGOUUE aViowoels f(x)=m 1 f(x)<M avtictowa.
Mpémnel va BploKOUPE KaL yLO TIOLEG TLUEG TOU X N f TapoucLAleL TO akpOTaTto, AUVOVTOG TNV
ggiowon f(x)=m 1 f(x)=M avtictowya.
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m 2YNOAO TIMQN ZYNAPTHZHZ

la va Bpouue to oUvoAo tiuwv piag cuvaptnons f akoAoudouue tnv eén¢ dtadikaocia:

Apxkd Bpiokoupe to medio oplopol TNG f. ZTn CUVEXELD BETOUNE f(x) =y KoL AUVouuE TNV e€lowon
WG TPOG X Balovtag MePLOPLOUOUG VLA TO Y. ATTAUTOULLE VOl LOXUOUV YLOL TO OITOTEAECHA OL APXLKOL
TIEPLOPLOUOL TOU X . TEAOG GUVOANBEVOUE TOUG TIEPLOPLOOUG TIOU EXOUV TIPOKUEL YLAL TO Y Kall
Bpilokoupe TO CUVOAO TLHWV TNG f. AV KAVOVTOG TNV TPONYOUHEVN Sladikooia BPOUUE TPLWVUHO WG
TPOG X TOTE €MeLdN TO TPLWVUHO Ba €xel TOUAA)LOTOV pia AUon oto R, amattoupe A>0 Kol anod auth
™ oxéon ByAaloupe Toug MEPLOPLOUOUC YL TO Y.

» Avtotpéun ocuvaptnon

MNa va anodeioupe OtL pia cuvaptnon eivat "1 — 17 oe éva dtdotnua A, XpNOLLOTOLOUHE KATIOLOV aTto
TOUG TTAPAKATW TPOTOUG :

A.Eotw x,,x, €A pe f(xl) =f(x2) . 2TnV teAeutaia oXEon KAVOUUE OAEC TIC TIPAEELG KOl KATAAYOUE
oTo X, =X,
B.Eotw x,,x, €A pe x, # X, . Me 5La80XIKEG CUVETIAYWYEG ETLOLWKOUE Vo KATAAN§OUE 0T OXEDN
f(x)=f(x,)
I. Amodeilkvboupe 0tLn f €ival yvnolwg povotovn oto A, onote sivat kat "1 — 1"

» Mn Avtiotpéun ouvaptnon

MNa va anodeifoupe OtTL Lo cuvaptnon dev eival avtiotpePun, apkel va dei€oupe otL dev elval "1 — 17
HE Evav amod TOUC TOPAKATW TPOTIOUG:

A. Meow napatrpnong Bplokoupe x,,x, € D, UE X; # X, TETOLA WOTE f(x1)=f(x2)
B. YmoBétoupue ot f (x1)= f (xz) Kol LE SLASOXLKEG CUVETOYWYEG KATOLOKEUALOULLE TO YIVOUEVO

(%, =X, )N(x,,x,)=0.Tote x, =x, ) M(x,,x,)=0 (1) .Av otnv (1) Bécoupe X, =a KaL TPOKOPEL

x,=8=a t0te f(x,)=1(x,) kaun f Sev eivat avuotpédipun.

I. Av 8ivetain C, TOTe QMOSEIKVUOULE OTL UTIAPXEL OPLLOVTLA EUBEiD TIOU TEPVEL TN C, OE EPLOCOTEPQ

amnod €va onuela.
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m AYZH EZIZQZHZ

» T va AUooupe pla e€lowaon , otnv omoia §gv UImopoUE VA XPNOLUOTIOL)COUE TIG LEBOSOUG
TIOU HABAE OTLG TPONYOUUEVEG TALELG, KAVOUUE Ta ENG : --
- Metadépoupe 6Aoug Toug 6poucg oto 1° péhog Kat n eiowon yivetal tng popdrg f(x) =0.
Méeow mapatripnong Bpiokoupe pa mpodavr pifa x,tng f . Amodeikvuoupe otLn f eivar 1-1
OTOTE T0 X, €ival povadikn pio tng f.
— Av ta 600 péAN e e€lowonc lval ouvBEoelg TG (SLag cuvdaptnong, Tote opiloupe w¢ f T
oUVAPTNON AUTA Kot amodelkvuoupe otLn f elvarl—1 .
— Tote n e§iowon vivetar f(g(x))=f(h(x)) < g(x)=h(x) ...

E EYPEZH ANTIZTPOOHZ

lNa va Bpouue tnv avriotpopn utag cuvaptnons f, akoAovdouus tnv eén¢ diadikaoia:

- Anodewvioupue otLeivat 1 -1

- Novoupe v e€iowon f(x)=y wgmpog x

- Bplokoupe to cUVOAO TIHWVY TNG f

- Oétoupe x=f" ( y) kot aAAaoupe petaPAntég ( Omou y To X avtiotpoda)

m TIMEZ ANTIZTPO®HZ — KOINA ZHMEIA ANTIZTPOOQN ZYNAPTHZEQN

‘Eotw avuotpéPun cuvaptnon f. H ypadwkn napdotaon tng f+ eival CUMHETPIKA TG f WG TTPOG TV
eubeila y=x

Ma va Bpovpe v il £ (8) g avtiotpodng Bétoupe f(8)=a < 6= f(a) kat apkei va Bpolpe
yla tota T tou X 0 f éxel tun B.

YrevBupiloupe étLav M(a,8) onpeio tng C, tote f(a)=6 kat f(8)=a

H ESIZQIH f(x)=f"(x)

MNa va BpoUUE T KOoWA onUeia Twv Cf,Cf

anodelkvloupe otLn f elval yvnoilwg avfouoa oto nedio oplopol TG, omote Ta {NToUUEVA CNUELA

1, 6nAadn yio va Aoooupe v efiowon f(x)=f"(x),

Bpiokovrou emi tng eubeiog y =x. Apa: f(x)=f"(x)< f(x)=x

Avn f 8ev eival yvnoiwe avfouoa, Tote Ppiokoupe TV ' Kat Abvoupe aneuBeiog tnv e€lowon

F()=1(x)
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OPIO KAAQZ OPIZMENO

Ma va gival KOAwE opLoPEVO €va 0pLo TG Hopdng lim f(x), TPETEL VAL UTIAPXEL 0TOo eSO OpLOOU
neploxr) g popdi (e, x, ) (x,,8)

IAIOTHTEZ OPION - urtoAoyLloOPOG OpilwV HE QTIAN AVTLKOTAOTOON

a) lim (x3 +7X* —6X +1) =(-1° +7(—1)2 -6(-)+1=-1+7+6+1=13

x—-1

1.

By limP*HA-A-X 23 _5-2
>3 |x+2]-2 B+2-2 5-2

n OPIO PHTHZ (g)

» KAvoupE avTikatdoTtaon 61ou X TO X, Yo va SLaToTWOOUHE av Eivat 6pLo g popdng (6

> ToapayovtonoloUpe aplBunTr Kot ToPOVOHAoTH , Yo va pdavicoupe Tov mapdyovio X — X,

» ATAOTOLOUHE TO (X — X, ) Ko Bpiokoupe To 6pto nAikou

0
» Av gpdaviotel maAL anpoodloplotia (aj enavoAopBavou e Ta mponyoupeva Brpata

Napatipnon: H cuvaptnon mou MPOKUTTEL LETA TNV artaAoLdr) TOU mapdyovta X — X, £XEL TNV dla

ypadKn mapdoTacn UE TNV apxLkn HE eéaipeon to onueio x, .

B APPHTEZ

> Appnreg s popepric A+\B , VAB

0 I I I I
Av éxoupe ampoaoSloplotia (6]' TOTE MOAAAMAQOLAlOUE OPLOUNTH KAL TIUPOVOULALOTH LLE TN

ouluyn MaPACTACH TWV OPWV TIOU TIEPLEXOUV TA PLILKA KOl TN CUVEXELDL
TP OAYOVTOTIOLOU E KOl QTTAOTIOLOU UE
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> Appntes tne popepris YA -8

MoMorAaoLE{oURE aptBUNTH KoL TOPOVOLACTH He Ty mapdotacn YA +3/A 3B +3B> wote va
HE apLopuntn p 31 n Hen p n

T(POKUEL N TAUTOTNTA (%—%)(W+%%+ﬁ):(%)s —(3/8_)3 =A-B

Mevika av ta pulika eival tng popdng (/K—(/B_, noAarmnAactaloupe Kot Toug SUo 6PouG UE TNV

> Appnreg g pop@ric NA++B-T i YA +B-T

Kavoupe diaomacn tou I' otoug aptBoug mou mPoKUTITOUV AV AVTLKATACTHOOUUE X =X, OTLG Pileg «/K
n i/F N \/§ Xwpiloupe og empépoug KAaopata Kat epapuoloupe KATIOLA TtO TIG TIPONYOUUEVEC
pebodouc.

»  Pulika ue to ib1o unoptlo S1apopeTIKWY TAéswv
- Bplokoupe 10 EKM = k twv Tafewv Kal Twv pL{wv

Ottoupe {/f(x) =y ométe adol x — x, T6Te ¥ —> &/ f(x,)

n OPIO ZYNAPTHZEQN ME KAAAOY2

fi(x), x<x,
f(x), x=x,

Bpiokoupe Ta MAEUPIKA OpLa TNG f OTO X,, BnAadh: lim f(x)= lim f,(x) kat

X=X

» Ortav n cuvaptnon sivat tng popdng : f(x) ={ TOTE yla va Bpolpe to lim f(x)

lim £(x)= lim f,(x). Av autd eivat ico tote undpxet o lim f(x)
X—xy" 2 X—Xg

+
X—Xg

£ () x#% tote lim f(x)=lim f,(x) eve

c, X = XO X=X X—>Xg

> Otav n ouvdptnon eivae tg popdrg : f(x) :{

f(x,)=c

H OPIO THZ MOPO®HZ (gj NOY NEPIEXEI ANOAYTEZ TIMEZ

1% Tpémnoc

X=X,

ATAAAAGOOUE TN CUVAPTNON ATIO TIG ATIOAUTEG TIHEC , OVAAOYQ LE TO AV OL TIOPACTACELG PETA
O€ QUTEG elval BETIKEG 1 apPVNTIKEG ( KAVOVTAG AVTIKATAOTACN X =X, Kal Bpiokovtag to
npoonuo ) YroAoyiloupe to 6plo cUpdwva e Kamola amnod Ti§ mponyoUUEVEG LopdEG.
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X=X,
Kataokeualoupe Tivaka mPocHUwV TWV MOPACTACEWY TIOU TIEPLEXOVTAL OTA ArOAUTA.
MNaipvou e mMAeuplka opla, anmaAAdcoovTag , avaloya , Tn cuvaptnon amo TG AMOAUTES TLUEG.
Ma va unapxetto lim f(x) , mpénet: lim f(x)= lim f(x)
X=X X=X,

X—>Xg

2°¢ Tpomog

Bpilokoupe To 6plo TNG MAPACTACNG TIOU TIEPLEXETAL OTO amOAuTo. Me Bdon To mpoon Lo Tou opiou
adalpol e Ta amoAuta kat urtoAoyiloupe To 6plo. Av To Oplo TNG MAPACTACNHG Tou BploKeTal oto
QTOAUTO €lval (00 pe pnbév, Tote , OMWCE Kal TPV UTTOAOYI{OUE Ta TIAEUPIKA OpLaL.

n KPITHPIO NAPEMBOAH2

Me mpagelg mapepBAaloupe tn {NTOUUEVN CUVAPTNON f(x) avapeoa og SU0 AANEC CUVOPTNOELG:
g(x)< f(x)<h(x) , oLonoieg mpémnet va €xouv kowo OpLo GTav X — X,

Mapatipnon: XapaktneLoTiko yla TV epapuoyn tou kpLtnpiou mepeBoAng eivat n umapén SUTAAG
aviedttag B(x)<A(x)<r(x) 1A ‘A(X)‘ <B(x)<-B(x)<A(x)<B(x)

TPITQNOMETPIKA OPIA

. . T h . Tt
> GETOUHE OTtou X TO X, yLatL: lim nux =nx, , lim ouvx =0uvX, , lim EPX =EPX, ( Kt+—,Ke Z )
X—Xg X—Xq X—Xg 2

, . (0 . . , .
» “Otav €xoupe anpoodloplotia (5) , T0Te mpoomnaboUlue va epdavicoupe Ta opla :

le q “mauvx—lz

lim 0
x>0 x x—0 X

> Opto ue aAdayn pstaBAntng:
Mo va urohoyiooupe to lim f(g(x)) Betoupe u=g(x) , Bpiokoupe u, = lim g(x) e u#u, Kovtd

, o np(ex) o
EWS1KA yla To 6plo lim———= Btoupe ax =u, tote lim =
u—0 oax x—0 ox u—0

» «Mnébevikn enti ppayugvn»

OTaV €XOUE YIVOUEVO CUVOPTACEWY TWV HOPPHWV f(x)-rmi A f(x)-ouv 1 émou
g(x) g(x)

lim g(x)=0= lim f(x) ebapuodloupe to kpttripto mapepPoAnc, AapBdvovtag umogn ot

X=Xy

r;u(ozx)‘ <1,

ouv(ax)‘él Ka x| <|x|
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OPIA ME XPHZH BOHOHTIKHZ 2YNAPTHZH2

lim f(x). Tore:

X=Xy

- @ftoupe e g(x) TV mapdotacn yvwotou opiou
- AUVOUHE WG TP TN cuvaptnan f(x).

- Bpiokoupe to lim f(x) p€ow TG mponyouuevng oxéong.
Av {nteital n eVpeon tou opiou plag AAANG CUVAPTNONG TIOU TIEPLEXEL TNV f(x) KOl £{OULE
. (0] _, . . . .
arnpoodloplotia (6} 161e popdormolol e pe pooBadalpETELS f} TTOPOYOVTOTIOLOELG TO

{nToULEVO OPLO YLA VO KATAANEOUUE OE AP AOTACELC JLE YVWOTA OpLaL.

n OPIO THE MOPOHS fim ~*) ME 1im g(x)=0 KAI lim f(x)%0

=% g (X) X—>Xg X—>Xg

APXLKA QTTOLLOVWVOULLE TOV TTAPAYOVTA TIOU HNSEVIEL TOV TTAPOVOLLOOTH).

lim (M} lim (L f(X)J e lim g, (x)=0 ka fim 2420

X=X g(X) X=X gl (X) gz (X) X—>Xg X—>Xg g, (X)

f(x)

1
- Av gl(x)>0,rc'>ts lim —— =400 kat lim ——< =00 (avdloya He TOA)

=X g, (x) X=X, g(x)
(x)

L. 1 . .
- Av g,(x)<0, tote lim =—o0 Kat lim =+ (avdhoyo pe TO A)
X‘)XO gl (X) X—)XO g(X)
- Avrto g, (x) aAAGeL TPOONHO OTO X, HE TIAEUPLKA OPLaL , SLATILOTWVOUE OTL SEV UTIAPXEL TO
X
lim g, (x), omote Sev undpxet kat o lim f(x) .

X—>Xo =% g (X)

m EYPEZH MNAPAMETPQN

, . , , , - flx
Otav {NTouVTaL OL TLUEG TWV TIOPOAUETPWY , WOTE lim ( )
X—>Xq g(X)

=AeR (6moun f(x) nepiéxet
noapapetpoug kat limg(x)=0 ), tote

- Oftoupe: h(x)=%<:>f(x)=h(x)g(x)

- Eivaw lim f(x)=lim (h(x)g(x)) =0 ondte , MPOKUTTEL pial OXE0N LE TIAPAPETPOUC.

X—)XU X—)XD
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X
- XpnouwlomoloU e TN oxéon yla va Bpolpe To lim % KOlL TIPOKUTITEL (it 6eUTEPN OXEDN UE
=X g X

TP OLUETPOUG.

EmA\Uoupe To oUOTNUA TWV TTAPAUETPLKWY OXECEWV KoL TIPOCGSLOPI{OUE TIG TLUEG TOUG

IM®  OPIO NOAYQNYMIKHE — OPIO PHTHE

- To 0pLo NG MOAUWVU ULKAG LOOUTAL LIE TO OPLO TOU UEYLOTOBABLILOU 6pOU TOU TTOAUWVULOU.

P(x)

- "Oplo pntAg: lim 6rou P(x) , Q(x) moAuwvupa . Ioodtat pe To 6pLo Tou TNAIKOU TwV

a(x)

HeyLoTOBABULWY OpwV TOU apLlOUNTH KoL TOU TTIOPOVOLAOTH Kal gival :
A.0 étav: BaBuog Q(x) > Baduog P(x)

B. keR" étav: BaBuog Q(x) = Babuog P(x)

I —oo f o0, 6tav: Babuodg Q(x) < BaBuodg P(x)

YNOAOrIZMOZ OPIQN XYNAPTHZEQN EIAIKON MOP®DOQN

o 9() 2gh(x)
» YnoAoyiouog lim
X f/(p(x) + O'(X)
- Byaloupe Kowvo mapayovta PEca 0To UntopLlo tn dUvapn ToU X TIOU AVTLOTOLXEL OTNV TAEN TNG

pilac.
- Byaloupe to x €Ew amo ) pila. Eival (jx_v=|x| Kol |x|=x otav X —>+0 N |x|=—x oV X —»—0o0

- Byaloupe kowvo mapAyovta To X 0€ aplOUNTH KAl TOPOVOUAOoTH
- Am\omnoloUpe Kal Bpiokoupe to oplo.

> vroopouss lim[ JAG)£B(x)] i lim [ JA() £ B(x)]
- OgwpoUlE TN MopAcTACH I'I:«}avxv t6,x" R I'I:,\/avx” i1f6px” omou a,x” , 6,x" ot

ueyloToBabuLoL 6pot Twv MoAuwVUHWY A(x) Kkat B(x) avtiotowa.

- Av M=#0, Byaloupe Koo mapayovta tn HeyoAUtepn SUvapn Tou X Kal urtoAoyi{oupe To 6plo.
- Av MN=0, moAamAaoclaloupe Kot Slalpouue pe tn culuyn moapdotaon.
- Byaloupe KowvoUG apAyovTeG , ATAOTIOLOUE Kol BploKoupe To Oplo.

Napatipnon : Av untapyet KuPkn pila , TOTe MOAAATMAAGCLALOUE KAl SLALPOULE E TNV OPACTACN
o’ +aB+6, ywa va epdavicoupe Ty tavtdtnta : (a— 6)(0{2 +aB+6 ) =a’ -6

Emipédeta:NikoAaocg Saunavng — Madnuartikoc / nikossab30@gmail.com 11




TPITQNOMETPIKA OPIA 2TO ANEIPO

Opto oto dmelpo pe apdotacn e Hopdng nuf (x) i ouvf(x):

- Av lim f(x) =0, tote BEToUE f(x) =u KoL mpoonaboupe va epdavicoupe Ta Baoctkd opLa

X—>Fo0

. u .
|Ian =1 kot lim
u—0 u u—0 u

1-—
O'UVUZO

- Av lim f(x):oo TOTE XPNOLUOTIOLOUUE KpLThplo TapepBoAng (Lndevikn ent dpaypévn )

X—>*o0

m EKOETIKH SYNAPTHZH
f(e)

» Opla ouvaptTHOEWY TN LOPPHS -
g(e)

- AvaAUoupe TG SUVAUELS
-  Oftoupe o =u
- YrmoAoyiloupe To 0pLO TIOU TIPOKUTTEL PE TNV aAAayn TNG LETaBANTAG.

’ ) ) f(ax , BX)
> Opla ouvaptoswyv T HoOPPHG ———%
o)

- AvaAuUoupe TIc Suvapelg

- Byaloupe kolwvo mapayovta o€ aplOUNTr KoL TOPOVOUAOTH.

- Av x —+o0 Tn SUvaun g HeyaAuTtepnS Baong

- Av x ——o0 Tn SUvapun ™G UkpotePNG Baong ( otoxog ival va epdavicoupe dpla ou Teivouv
oto 0)

- Bplokoupe 10 6pLo oU POKUTTEL. OTaV EXOUUE TIOPAKETPO OTN BACH SLOKPIVOUE TIEPUTTWOELG

OPIO 2YNOETHZ 2YNAPTHZHZ 2TO ANEIPO

» Ta va urtoAoyicou e to Iimf(g(x)), Bétoupe g(x) =u.

> T tn AoyapBuik ouvdptnon, wxdet 6t lim Inx=+c0 kau lim Inx=—oo
X—>+00

x—>0*
m 2YNEXEIA 2ZTO x=x,

- Bplokoupe 10 )!I_m f (X) N Ta MAEUPLKA Opla TNG f oto Xp av N f  aAAAleL TUTIO EKATEPWOEV TOU Xo.

- Bpiokoue TO f(XO). Av gival )!I_)rlﬁaf(x) =limf(x) =f(X0) , Ttote n f elval ouvexrg oTo Xo.

+
X—>X§
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NAPAMETPIKEZ ZYNEXEIAZ

Oa MPETEL N oUVAPTNON VA €lval CUVEXAG Kal ota onueia mou aAAGleL TuTtO.

Iimf(x) KaL TO f(XO).

XXG

- Bplokoupe ta limf(x),
X—=%g

-Npénec: lim f(x) = limf(x) =f(x,)

X=Xy X=X§
- AUVOUE TO oUOTNUA TWV EELOWOEWV TIOU TIPOKUTITOUV KOl

UTTOAOYL{OU LE TLG TTAPOUETPOUG.

2YNEXEIA ZE AIAZTHMA

» Av oLouvoptioelg f, g elval CUVEXELS, TOTE KAl OL CUVAPTIOELG:
f -
f+g, f-g, g’ fY, ‘(ﬁ ftx, xf, [f|, f, fog, gof eivaw emiong ouveyeic.

» Emiong, OAeC ol oUVAPTAOELS TWV OTolwV 0 TUTOG OpileTal pe TIPAEELS BACIKWY GUVEXWVY
OUVAPTHOEWV ElvVal CUVEXELG.

m YNOAOTIZMOZ f(x,) MEZQ ZYNEXEIAZ

Otav bivetal pia oxéon yla pia cuvaptnon f, n omola elval cuveXg OTo Xg Kal InTeital To f(Xo), TO
omnoio dev pumopel va Bpebet an’ eubeiag amo tnv f, tote:

e AUvoupe tn 60Beioa oxéon wg mpog f(X) , B€tovtag 6Aoug Toug MePLOPLOROUG.

e Yrnohoyiloupe to X“_T f (X) )
0

e Enewdn n f elvat cuvexnc oto Xo, LOXVEL: f(XO) =limf(x).

X=>Xg

la tnv eVpeon Tou oplou Ba xpnotpomolol e omoladAmoTe amo Ti¢ Lebodoug umoAoyLopol opiwyv
BewpoUue anapaitnTeg.
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m 2YNAPTHZIAKEZ ZXEZEIZ

» Juvéxela ouvaptnong f uéow ouvaptnolaknc oxéong f (x + y) =...

Av yvwpiloupe otLn f eivat ouvexic oto a€ R kat Oghoupe va armodeifoupe OtL sival cuvexig oto
niedilo oplopoU NG, TOTE:

e Oftoupe: X—X, =h—a < X=(X,—a)+h étav X—=>X; eivat h—>a.

e Tote: limf(x) = limf((x, —a)+h)=..

Av Iimf(x) =f(Xo) t61e n f eivat cuvexric oto tuxaio X, € D, , ondte kat og Gho o Dy .

X—>Xg
» Juvéxela ouvaptnong f uéow ouvaptnolaknc oxéong f (Xy) =...

Av yvwpiloupe 6tLn f elvat cuvexnc oto oL € R kat BéAoupe va anodeifoupe dtL eivat cuvexic oto
nedio oplopou TNG, TOTE:

, X h X, ) ,
e OQ¢toUupE: - =—oX=—-h, Otav X=X, eivat h—> a.
o o
0

. Tore: |imf(x)=mf(ﬁ-h]=...

X—>Xg o

Av limf(x)=f (XO) T01e N f eivat cuvexrg oto Tuxaio X, € D, , ondte kat og 6GAo to Medio oplopol TNG.

X—>Xg

ANOAEI=H ZYNEXEIAZ AMNO ANIZOTIKH 2XEZH
» O£TOUUE OTn 0X£GN OTOU X TO Xg Yla va BpoUl e To f(XO) .
» Bplokoupe to )!l_)rl’!f(x) , OLVNBWG pE KPLTAPLO TTOPEUPBOANG.
> EAéyxoupe av )!i_glf(X)=f(X0).

Oplopéveg dopég lowg XpeLATETAL VA TPOTIOTIOLCOUE TNV APXLKH OXEON VL0 VO LTTOPECOUE VAl
€dapUOCOUE TA TTAPATIAVW Brpata.

E YNAP=H MIAZ TOYAAXIZTON PIZAZ
> ‘Yrapén pifag efiowong o Sidotnua (o, B)

o  Dépvoupe OAOUC TOUG OPOUC OTO Eva LEAOC.

e Oeswpolpe cuvaptnon f(x).
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e Avadépoupe yla oo Adyo n cuvaptnon f elvat cuvexng oto [OL,B] .
o Eetatoupe av f(a)f(B)<0
» Bolzano o€ dakpo avolkTtoU dlaotnuatog

e Avn ouvaptnon f elval cuvexng oto (OL,B) kol BéAoupe va deifoupe OTL €xel pila oTo

(OL,B) , TOTE Taipvoupe Ta dpla tng f 6tav X —> A kot X = B kat av:

e - limf(x)=/<01r —oo tote undpyet y (o, B) tétoto wote f(y)<0.
o - liMf(x)=0>0p +oo t61e UNdpYeL § € (o, B) TéTOL0 Wote F(8)>0 Kat
X—>p

® 01N ouvéxela epappoloupe to 6. Bolzano oto [7,8] g(a,B).

E YNAP=H x, (a.,B):f(x,)=9(x,)

» OewpoUle tn cuvaptnon h(X) =f (X) - g(x) D= [a,B] .
» Avadépoupe tn ouvéxela tng h oto [Ot,ﬁ] (ouvnBwCg MPALELG CUVEXWY CUVAPTACEWV).

BpiOKOUHE TIG TLHEG h(oc) : h(ﬁ) KOlL SLOTILOTWVOUE OTL h(a)h(B) <0.

m YNAPXEI x, e[ot,B]: f(x,) = (x,)

> Oewpobpe T ouvdptnon h(x)=Ff(x)-g(x),x[a.B].
> Avadépoupe yia oo Adyo eivat suvexig oto [, B].
> Bpiokoupe tig pég h(a),h(B)kar Sramiotivoupe 6t h(a)h(B)<0.
> AOKPIVOUME TIG MEPUTTHCELS:

- Av h(a)h(B)=0 twote h(a)=0 f h(a)=0, dpa
X,=aNx,=p.

- Av h(a)h(B) < 0 téte Aoyw Tou 6. Bolzano umdpxet X, € (o, B)
: h(x,)=0.

Fevikd Ba udpxet X, €[a.B] téroo worte: h(x,)=0<F(x,)=9(x,)-

Av Sivetal 1o 6UVOAO TIUWV [7,8] ™G ouvaptnong f A g, tote Ba eivon y<f(x)< 8§, yia kaBe X € [(x,B] ,
onote y<f (a) <8 kat y<f (B) <0 . Oa eKPUETAAAEVOHAOTE TIG TOPATIAVW OVIOWOELS YLOL TO TTPACH O

Twv h((x),h(B).
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E MONOTONIA KAI ZYNEXEIA

e Avnfeivar T oto [.B], Tote f(A |:f :|

e Avnfeivar ¥ oto [OL,B] TOTE f(A)=[f (B),f(oc):l.

e Avnfeivar T oto (o.B], tote f(A) (Ilmf(x) f(B)]

x=at

e Avnfeivar ¥ oto (a,B),tote: F(A)= (Ilmf(x) Ilmf(x))

X—>p~ x—=at
m MEPIZZOTEPEZ ANO MIA PIZE2

Otav {nteltal n uapén MePLOCOTEPWY onUeiwy £4,85,...,€, TOU va LkavomoloUv Kamola LSLotnta ToTe
edappolouvpe v popég 1o Bewpnpa Bolzano oe v umodlactripata mou xwpiloue to dtaotnua ((x,B)

KOlL TQL OTtolal UTTOSLALOTAOTOL VAL LNV £XOUV KOLVAL ECWTEPLKA onpeia. Ta umodlaothpata auta
kaBopilovtal anod MPOoEeKTIKN e€ETOON TWV SESOUEVWV KoL TWV {NTOUUEVWV.

NMPOZHMO 2YNAPTHZHZ — AIATHPHZH NPOZHMOY

» [poonuo ocuvaptnong

Ma va mpoodlopiocouE TO MPOCNUO Uiag ouveXxous cuvaptnong f, otnplopevol oto 6. Bolzano,
epyalopaote we €€NG:

e Bpiokoupe Tig pilec tne f.
e JekaBéva amod ta unodlaoTtrpata mou opilouv ol SLadoxIKEC pileg emINEYOUUE Evav aplBuo Xo.
e Bpiokoupe 10 f(xo).
To mpbéonuo Tou f(XO) elvat kat to mpdonuo tng f oto avtiotolyo dtaotnua.
» 2uvaptnon rou dlatnpei otadepo npoonuo
- Y& aoknoelg ou BéAoupe va Sei€ou e OTL pia cUVEXHG cUVAPTNON
f Slatnpet otaBepod npoonuo. Tote:
e YnoBétoupe otLn f ev Slatnpel otabepod mpoonuo oto A, Snhadn undpxouv X, X, €A (x1 < X2)
ue f(x,)f(x,)<0.
e Edappédloupe to B. Bolzano, ondte umapxet & & (X;,X,) Tétolo wote f(“';) =0,
AvtikaBlotoUue to € otn oxéon mou Sivetal Kal KATOANYOUUE OE ATOTO.

- Av og aoknon yvwpiloupe otL n f elval cuvexng os éva dStdotnua A Ka f(X) #0 yua kdbe XEA,
tote n f Slatnpet otabepod mpdonpo.

Emipédeta:NikoAaocg Saunavng — Madnuartikoc / nikossab30@gmail.com 16




25

Y& 00K OELG TTou BENoupe va deioupe OtTL pia cuvaptnon f maipvel tTnv TR ke R 1 OTL UTTAPXEL
Ee (a,ﬁ) TETOLO WOTE f(&) =K, TOTE pEneL va Seioupe OtTL TO K BplokeTal HeTaly TwvV
f(a),f(B) Kall 0Tn ouvEXeLa aflomoloupe To O.E.T.

Mapatripnon:

Ol 0OKNOELG QUTAC TNG Katnyoplag pmopouv va AuBouv kat pe tn BonBela tou 6. Bolzano.

m 2YNAYAZIMOzZ O.M.E.T - O.E.T

Otav dev yvwpiloupe TN povotovia tng cuvexoug cuvaptnong f oto [(1,[3] ka {nteltat va dexBel oL

undpxet X, €[ B] tétoto wore:

f(x V() +Vf (%) + v F(X,)
(%)= V,+V, 4tV

UE

<X <X,<..<X <P kot V;,V,,...,V >0, tote:

- Emedn n f elval oplopévn ko cuVeXNC oto KAELOTO Staotnua [OL,B], Ba €xeL oUVOAO TLLWV [m,M] ,
6mou m n ehdxtotn kat M n péyiotn tn tng f.ra kdbe xefa,B] eivar m<f(x)<M.

Me tn BonBela auTAG TNC AVIOOTNTAG KATAOKEUALOUE:

e vif(x)+..+ v F(x,) <M
V,+V, etV

m

- 2e aoKnoelg mou yvwpiloupe otLn f elval yvnolwg povotovn oto [OL,B] Kal {nTeltol OTL UTTAPXEL

X, €(a.,B) Tétol0 Worte:

(%)= vif () + v, f(x,)+...+ v, F(x,)
o Vi +V, 4V

MHE V., V,,...,V >0
Kot o< X, <X, <...<X_<P tote pe tn Ponbeta tng povotoviag mapepPAAOUNE TNV MapdoTach

viF (%) +V,f(x,)+..+ v F(x,)
V,+V, + oV,

HETOEL TWV f(Ot), f(ﬁ) Kal epapuoloupe to O.E.T.
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EYPEZH '(x,)

> Z€ ouvaptnon anAou tunou

Bpiokoupe to f (Xo) .
, KAVOULE TIPAEELG, TTOPOYOVTOTIOLOELG KoL AMAAEIPOUE TOV

. , (%) =f(x)
nopayovta X—X,. Bpiokoupe to: )!I_HJT (1)
0 — o

Ixnuoatil{ouue to Adyo

f(x)=f(x,)

e Av UTIAPXEL TO OPLO KAl ElvaL TPAYHUATIKOG aplOuog £, tote n f elval mapaywyiopn oto Xo, ME
f'(x,)=".

e Av bgv umdpyeL to 6plo (1) N eival oo, tote n f dev eivan
TIAPOYWYLoLUN OTO Xo.

Y€ OPLOPEVEG TIEPUTTWOELG, XPNOLUOTIOLOUE YL TNV EUPEDH TNE MOPAYWYOU OTO Xg TO

#(x,) = Iimf(x0 +hg—f(x0)

h—0

, OV TO QVAITTUYHO TOU f(X0 + h) QTTAOUOTEVEL TIG TIPAEELG.

> Xg ouvaptnon rmoAAanAou tunou
1, I ’ I 1 I I 1 1 1] I
Otav {nteitaL to f (Xo ) ,OTIOU Xg €lval onueio aAAayng tumou KAadwtng ocuvaptnong, TOTE:

e E€etaloupe mpwta t cuvéxela tng f oto Xo. Av n f Sev glval cuvexng oTo X, TOTE SV €ival
mapaywyiown.

e Bpiokoupe t0 f(XO).

f f f(x)—F(x
e YrnoAoyi{oU e TIG TTAEUPLKEG TTAPOYWYOUG: i”l (X) (X )!'_)rxn ( ) ( )
—>Xg 0

Av oL TAEUPIKEG TTapAYwYOL €lval (OEC e Eva TIPOAYUATIKO aplBuod £, ToTe f’(XO) = (. AlapopeTiKa, SV

UTLAPXEL TO f'(XO) .
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EYPEZH f'(x,) ANO ANIZOTIKH IXEZH

Otav Sivetat pia oxéon tng popdnc ‘f (X)‘ < g(x) A h(X) <f (X) < g(x) koL nteitat To, f'(X(J ) TOtE:

e O£toupe otnV aviootnTa Omou X to X, Kot Bpiokoupe to f(XO) .

e Metaoxnuatiloupe TNV avioOTNTA yLo VA OXNUATIoOUE TO AOyOo HETABOANG

f(x)-f (xo) ’ ’ ’ '
Ty Swakpivovtag meputtooeis dtav Slatpolhe pe X=X, av
Ao

X<Xy f X>X,.

Edbapudloupe to kpirriplo mapepBoAng kat Bpiokoupe tnv mapdywyo otn 0éon X, .

EYPEZH f'(x,) ANO IXEZH IZOTHTAZ

Otav divetal pia lodTnTa MOV TTEPLEXEL ia ouvaptnon f yla tnv omola yvwpiloupe otL eivat
nopaywyiown otn X, kat{nteital to f’(xo), TOTE:

e Oftoupe Omou X=X, Kot BplOKOUNE TO f(Xo) .
' ’ 1 /] f (X) B f (XO)
e MetooxnUaT{OUME TNV LOOTNTA YLA VO OXNLOTIOOUE TO AOYO T

e [aipvoupe Opla kat ota SUO HEAN Ka elval: f'(xo) = lim T x
X=Xy

f(x)_f(X0)=f.

AUVOUUE TNV €lowaon TIOU TIPOKUTITEL WC TIPOG {

2YNEXHZ KAI MAPATQrizimH

Otav {nteital va e€eTacoupe av pia cuvaptnon MoAAATAOU TUTIOU £val CUVEXAG KOL TTOPAYyWYIOLLN
otn Béon X=X,, omou X, onueio aAayng tumou.

Tote:
e Efstdloupe mpwrta tn cuvéxelo oto X .
e Av 8ev eivat ouvexng oto X, Sev eival kat mapaywyiown oto X; .

Av glval ouvexng oto X, eAéyxoupe av gival mapaywyioLn Le TAEUPLKEG TLAPAYWYOUG.
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f'(x,) KAI OPIA

> Eupeon tou '(x,) andé oxéon opiou

Av Sivetal €va OpLo Tou TEPLEXEL Piat ouvexn ouvaptnon f kal BEAoupe va Bpoupe tnv mapdywyo tng f

oto X,, T0Te:

e O£TOUE TNV APACTAON TOU oplou, lon pe pia BonOntiki cuvdaptnon kat Auvovtag Bpiokoupe TNV
f.

e Ynoloyiloupe T0 Ilmf(x) ErelSH n f elvat ouvexig oto x,, woxbet: F(X,)=limf(x).

X=>Xq

e JTn ouvexela Exoupe SUO eMINOYEC:

f(x)-f
1" AvtikoB1oToUpE 0TO 6pLo )!I_[Xn% 10 f(X) KOLL TO f(XO)
0 ~ o

Kall urtoAoyiloupe To 6plo N

2": MopdomoloU e TNV apdotach Tou opiou, £ToL WoTe va epdavioTel

F(x)=f(x0)

0 Aoyog —X “x KOlL OTN OUVEXELA UTTOAOYITOULIE TO OPLO TOU.
0

» YnoAoyiouog opiwv ue Baon Tov 0pLoUO TOPaywyou.

Av yvwpiloupe otLn f elval mopaywyiown oto X,, TOTE:

(%) = lim (X) f(x) f( ) i f(x0+h)—f(xo)

X=>Xp h

Me npooBadalpEoelg Kal TTaPayoVTOMoLoeLg ipoomabol e va eudavicoupe KATIOLO oo Ta
TIapAMAvVW 6pLa oto {NToUUEVO Oplo.

f(x, +Ah)—f(x,)
h
h— 0 ko umtoAoyiloupe to mapandvw opLo e aldayr petaBAntic. Eival:

jim (% +“2_f(x°) =Af'(x,).

¢—0

, TOTE BETOUE Ah=0, onéte @ > 0, 6tav

Av undpxeL mapAaotaon TNG LoPdNG

A
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2YNAPTHZIAKEZ ZXEZEIZ

» ZSuvaptnotakn oxéon f (X + y) =...

Av Slvetal pia ocuvaptnolakn oxeon f(X+ y) =... Kal yvwpiloupe ot n f elval mapaywyiown oto
a e R kat 0éhoupe va anodeifoupe 6t n f elval mapaywyiown oto R, tote:

e YrnioAoyiloupue t0 f((l), kAvovtag katdAANAn avtikatdotacn otn cuvaptnotaky oxéon (av =0

Btoupe ot f(X+Yy)=... érou x=y=0).

e Eneldn n f elval mapaywyiown oto a, tote: f’ ((x)—llm

X=a

f(x)-f(a)

e [la va eival n f tapaywyiown oto R, apkel va umtdpyxel oto R, T0 6pLo

F()-f(x)

lim —————= x eR.0Oétoupue X—X, =h—a katto éplo yiverat:

ZTN OUVEXELA EKPETAANEVOMOOTE TN CUVAPTNOLAKK) OXECHN YLA VA UTIOAOYIOOUE TO Oplo.

» Zuvaptnolakn oxéon f(xy) =...

Av Sivetal pila cuvaptnolakr oxéon f(xy) = ... Kat yvwpiloupe otLn f eivar mapaywyiown oto a € R

kot O€Aoupe va amobeifoupe otLn f eival mapaywyiown oto R f og tuxaio X, € R, tote:

e Ynoloyiloupe T0O f((l) K&vovtag KatdAAnAn avtikatdotaon otn cuvaptnoakh oxéon. (av oe=1,
6étoupe ot f(xy)=..., émov x=y=1).

1()-1(a)
X—o

e Enedn n f eivaw mapaywyion oto a, tote: T’ (a)—llm

X—>a

e [ va anodeifoupe 6tLn f eival mapaywyiown oto R 1 oto tuxaio X, € R, apkei va urtdpxet oto

f(x)-f
R 1o 6plo: |imL(XO).
X=X,

X—>Xg

X
Oftoupe
W X

X, h ( h]f(x -

0 . , , ;
, Qpa X = o kat h — o, ondte 1o dplo yivetal: Llrg

_h
0 a’ —X

0

OUVEXELO EKLETAAAEUOOOTE TN CUVAPTNOLOKK OXECT Lo VO UTIOAOYICOULIE TO OpLO.
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NAPATQrol BAZIKQN KAI ZYNOETQN 2YNAPTHZEQN — KANONEZ NMAPATQrizHz

»  XPNOLUOTIOLOUE TO TUTIOAOYLO KOl TOUG KOWVOVEG TTapaywyLonG.

NAPATQroz ANQTEPHz TAZHz

Y& ook OeLG omou {nteital va Bpebel n Seltepn mapaywyog f"(X) , Tpitn mapaywyoc & (X),..., TOTE

BPlOKOUE TNV MPWTN MOPAywyo f'(X) KOl 0T OUVEXELD Ttapaywyiloupe SLadoxIkd TOuG TUTTOUG TWV

napaywywv rou éxoupe Bpet. Eivau: f"'(x) = (f’(x))’ , FO(x)= (f "(X))’ -

MAPAITQroz ANTIZTPO®OHZ

‘Eotw 1-1 cuvdptnon f, pe avtiotpodn tnv f. loxvet: f(x) =y x=f" (y) , onAadn
f! (f (x)) =X.
Mapaywyilovtag EXOUE: (f‘1 (f (x)))' = (X)' 2= (f ‘1)' (f (X))f'(x) =1

1 1
fl(x) ( )

KQlL LE f'(X) # 0, npokUmteL: (f_l)’ (f (X)) =

ITn ouvéyxela BEtoupe f(X) =Y kat he Baon tnv Stadikacia tng amoolvOeong, KATAAYOULE OTO

{ntolLpevo.

2YNAPTHZIAKEZ ZXEZEIZ

Otav bivetal pia cuvaptnolokn oxéon (Lootnta) kat pag {nta va UTIOAOYLOTEL TO f'(XO) N va
Se1yBel pior AAAN LoOTNTA 1) VO UTTOAOYLOTOUV KATIOLEG TIAPAUETPOL, TOTE Mapaywyi{oUE KaTA HEAN,
epooov avadEpETal OTL OL CUVAPTHOELG EVOL TTAPAYWYLOLUEC.

Av f(X) = g(x) kat ol f,g mapaywylolpueg, Tote f'(X) = g'(x) . To avtiotpodo dev oyLEL

Av bev avadEpeTal OTL Ol CUVAPTAOELS €LVl TTAPAYWYIOIUES O KATIOO dlAoTnUa, TOTE Sev
UTTOPOULE VOl TIOPOAYWYICOUHE KOTA HEAN.
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2YNAPTHZIAKEZ ZXEZEIZ AYO METABAHTQN

Av oxUeL pia oxéon pe Vo petaPAntég X,y € R kat {nteltal va SeiyOel pia oxéon He mapaywyoug,
TOTE:

e MNMoapaywyilovpue katl ta SUo HEAN WC TPOG X, BewpwvTtag To y otabepad.
o [Mapaywyiloupe katl ta V0 HEAN WG TPoC Y, Bewpwvtag To X oTabepd.

ATO TIC OXECELG TWV OPAYWYwWV TIou Ba pokUPouV, e KATAAANAEG MIPAEELG KATOAYOULE OTO
{ntolLpevo.

EZI5Q5H EQAMTOMENHS 5E INQITO SHMEIO M(x,f(x,))

e Bpiokoupe to f(XO ) , av dev ivetal.
o Bpiokoupe to f'(X) kat otn cuvéxeta To f'(XO).
e Avtkabotolpe otov tumo Y —F(x,) =F'(x,)(x—x,).

Y€ MePUMTWON OV £XOUHE ouvaptnon toAAamAoU tuTtou Kat Inteital n e€lowaon epantopévng oto

onueio aAAayn¢ tumou, Bpilokoupe To f'(XO), Qv UTTAPXEL, UE TIAEUPLKEG TTAPOLYWYOUC.

» EUpeon MOPAUETPWVY

Otav bivetat pia cuvdptnon f kat nTtovvtal oL TIHEG TWV TAPAUETPWY €TOL WOTE N C, va £XEL OTO

onueio |\/|(X0 f (X0 )) epantopévn v Y =AX+ B, téte woxvel OTI: f'(xo) = Kal
f(X,) =A%, +B.

EZ1ZQZH EQANTOMENHZ ZE ATNQZTO 2HMEIO

YnoBetoupue otL M(Xo,f (X0 )) elval to onpueio emadnig mou mMAnpol TNV ouykekpLUévn LOLOTNTA.

Avaloya HE TNV LIOLOTNTA, EXOUE TIG TIAPOKATW CUVONKEG:

- Av n epantopévn € ival mapdAnAn oe euBeia 3y =AX+J,
tote: f'(XO) =\

- Av n edartopévn € eivat k&Betn oe euBeia Oy =AX+ B, tote:
(x,)-A=-1

- Av n edarropévn €xeL khion A, tote f/(x,)=A .

- Av n edamntopévn oxnuatilel ywvia w Le Tov afova x'x, TOTE LoOYUEL: f'(xo) =EQ®.
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> Eqantouévn and onueio ektog C. .

Otav BéAoupe va Bpoupe TNV e€lowon epaMTOPEVNG TTOU AYETAL OO ONUELD A(OL,B) miou bev
QVNKeL 0TN ypadLkn mapaotaon tng f, Tote:

YnoBétoupe OtL To onueio emadng eivat to M(XO f (XO)) . [padoupue tov tUMo ¢ e€lowong
eparntopévng: e:y—f (XO) = f’(xO )(X - XO) (1), ko avtikaBiotope ta f (XO) : f'(xo) Emeidn n
edamntopévn € SLEpxeTal anod To onueio A(OL,B), Ol CUVTETAYUEVEC TOU Ba emaAnBevouv thv
e€iowon (1), Snhadi: B—T(x,)=F"(%,)(aa—x,) .

Ané tnv teheutaia oxéon umoloyiloupe ta X, mou propei va sival kat meplocdtepa amnd Eva.

KOINH EQANTOMENH

» Kouwn epantouévn o€ kowvo onueio
Av ol ypadkEg mapaoTtaoelg SUo cuvaptioewyv f,g €xouv Kown epamtopévn o€ KOO Toug onueio
M(xo,yo) , téts:f(Xo) = g(xo) KalL f'(XO) = g'(XO) =A,

» Kown epantopévn oc Stadopetika onpeia

Otav Sivovtal dUo cuvaptroelg f,g kat Inteltatl va Bpebel av unapxel, euBesia Mou EPAMTETOL KAL OTLG
800 ypadLkeC mapaoTtaoels. TOTe:

e Efetaloupe apxlka, av UTIAPXEL KON EPONMTOUEVN O KOWVO onueio.

e YroBétoupue oOtL A(Ot,f (Ot)) Kol B(B,g(ﬁ)) elval ta onpela emadng TG KOwnG EPAMTOUEVNC UE TLG

e {s(pA :y—f(a)=f’(a)(x—a)@{y=f'(a)x+f(°‘)_°‘f'(°‘)
" Lemsy-9(B)=9'(B)(x-8) " |y=0'(B)x+3(B)-Bg’(B)

t'(a)=9'(B)
f(o)-of'(a)=9(p)-Bg'(B)

AUvovtag To mponyoUlUevo cuoTnUa, Bplokoupe Ta a Kot .

e [ va sival n idla euBeia, mpémnet: {

» EuBeia mou edpantetan otnv C,
Av Béloupe va Seifoupe 6Tt pia yvwoth euBeia 81y =axX+ P eddmretal otnv C, , ToTE:
e AUVOUUE TO oUOTNHO TWV EELCWOEWV O, f(x) Kal Bplokoupe Ta Kowa Toug onueia.
e Eotw M(xl,yl) vl Koo onueio.
Av f'(xl) =A; =0, t01e T0 M €lval onueio enadng.

Av f'(xl);ar&k8 =0, T0te To M eival onueio toung. Av n gubeia & dev eival yvwotr, TOTE apxLKA
Bplokoupe tnv e€lowor) TN Kal akoAouBoUUE Ta mapamavw Bripata.
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PYOMOZ METABOAHZ

» PuSu6c uetaBoAric CUYKEKPLUEVNG GUVAPTNONG
O puBuAdC petaPorig piag ouvdaptnong Y =T (t) , wg rpog t, otav t=1,, eivar n mapdywyog tng f oto
ty, smasr to f'(t,).

» [MpoBAnuara Owovouiog

Ita mpoPAnpata olkovopiag, n Bactkr oxéon mou LoxVel eival: Képdog ='Ecoda — Kootog.

Av K(X) N ouvApPTNON KOOTOUC, TOTE TO HECO KOOTOC MAPAYWYNG X Hovadwv mpoidvtog, ival:
— K(x)-K(0
2( - K=K ()

X

» [MpoBAnua kivnong o€ KaumuAn
Av divetal cwpa ou Kiveitat o€ KapmuAn C, Tote:

- Kataypadoupe oAa ta Sedopéva ¢ ekdwvnong, ekdppaloviag ta

X,y CUVAPTAOEL TOU XPOVOU t (x(t),y(t)) . Av KAToLla oo TI{ CUVTETAYUEVEG TOU OnUElOU

e\aTTwveTal pe pubuo a, Tote X'(t) N y'(t) =—ql.
- YroAoyi{oupE TLG TLHEG TWV X,y TN XPOVLKN OTyuN t, TOU pog
evbladépel.  Mapaywyilouvue tnv e€iowon tng kaumvAng wg pog t kat avtikabiotovpe t=1,.

- Kavoupe avtikatdotacn otnv tTeAevtaio oxeéon kot cuvABwE TPOKUTTEL TO {NTOUUEVO.

NMPOBAHMATA EYOYTPAMMHZ KINHZHZ

Av Slvetal cwpa mou Kiveltal et eubeiag kal n ouvaptnon B£€ong Tou KABe Xpovikr oTyun t eivat
S= X(t) , TOTE:

e Hotypaio taxvTnTd TOU, TN XPOVIKA OTLYUA t,, €ival U(to) = X'(to) .

e H oTwyulala Tou enttdyuvon a(t), TN XPoVvikn otypn t,, eivat a(to) = u’(to).

e To owpa dev kweital dtav U(t) =0.

e To owpa Kweitow katd tn BeTk popd, 6tav v(t)>0 Kat katd v apvnkr dopd, dtav v(t)<0.

e To oUVOAKO SLaotnpa mou SLavUEL TO KvNnTo, gival:

S = (taams ) (8] + pe(ta) = (8 )+ x(t,) = x(0)

HEON TaXUTNTA U TOU OWHATOC o€ OAN TN SLAPKELA KIVvNONG Tou, glval: b=

, 0mou t,,t, olpileg tng efiowong v(t)=0.H

, OTIOU S TO CUVOALKO

TEAMKO

Staotnua. H taxutnta Tou CWHATOG AUEAVETAL, OTAV (x(t) >0 kat ehattwvetat dtov Ot(t) <0.
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PYOMOZ METABOAHZ ZE TEQMETPIKA ZXHMATA

ApXLIKA KAVOUHE oxnua Kal ekppaloupe OAa TO LAKN CUVOPTHOEL TOU t. 2T CUVEXELA XPNOLLOTIOLOUE

TO SLaypappa:

Mg Ppiokm T YEOUETPIKY] 6Y£GT TOL GUVOEEL TO.
petapinta pey£0n tov mpofinpartog;

~

~

"Eva 1piyovo 6to oynfpa

Avo Tpiyova 6to oypa

LS

ToYaio Tpiywvo

opBoymvio Tpiywvo

H oy¢on oo 0omg givar:

a’ =B’ +y’ - 2BycuvA

(vépog cvvnuitévev)

N\

Yovi0omg

gpappolovpe
oLV KN opordTNTOG

o TIvBayopero
Ozopnpa

o Tpryovoperpikoi

Mo enineda oxNUOTO 1} OTEPEA XPNOLLOTIOLOUE TOUG TUTIOUG TIEPLUETPOU, EUPadoL f Oykou. ZTn

Sladikaoia emiAuong akoAouBoupue Ta €n¢ BRuarta:

1lo: Kavoupue oxnua, 0mou eivat anapaitnto kat cupPoAiloupe pe

HETABANTEC Ta SLadopa pLeyEDN.

20: BploKOUUE TIC YEWUETPLKEG OXEDELG TTOU OUVOEOUV TIG LETABANTEC

KOLL TLG KAVOULE CUVAPTNOELS UE HeTAPANTH TO t.

30: Yrtohoyiloupe Tn T Twv HETAPANTWY TN XPOVLKH OTlyUn t,Tou pag eviladEpet.

40: Nopaywyi{OULE TIG OXEOELG KAL LLE OVTLKATAOTAON TPOKUTTEL TO {NTOULEVO.
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OEQPHMA ROLLE

» EAeyxoc spappoyn¢ tou O. Rolle-eupeon tou &
E€etaloupe av edpapudlovtal ot Tpei¢ mMpoUmoBEelg ToU BewpUaTOoC. € EPIMTWON TToU {NTeltaL va
Bpebel kat o aplBuoG Rolle, tdte AUvoupe tnv e€lowon f'(&) =0 kat Bpiokoupe ta e (a,B).

> Moapaustpikec 3. Rolle

Y€ AOKNAOELG OTLC OToieg {NTeitaL o MPoodloplodg mapapéTpwy wote va edpapudletal to 6. Rolle oto
Saotnua [a,B] , TOTE QUMALTOUE:

o f(a)=f(B).

e H fva elval cuvexng oto [(x, B] KalL 0TNV TIEPLTTTWON TIOU €XOUUE GUVAPTNON TIOAAQTTAOU TUTIOU, VAl

elval cuvexng oto onueio aAAayng tumou.

e Hfva eival mapaywyiown oto (a,B) Kal av elvat KAadwTtn, va glval mapaywyiolun oto onueio

aAAaync.

AUvovTtag To CUOTNHA TWV EELOWOEWVY TIOU TIPOKUTITOUV o Ta 3 Tiponyoupeva Brpata,
PoodLopilouE TIC TOPAUETPOUC.

» [lewuetpikn epunveia 9. Rolle
Z€ 0LOKNAOELG OTLG OToleg {nteitaL va e€eTA0OVE av UTIAPXEL onueio M (@,f (&)), pe § e ((x,B) TETOLO

wote, n eparntopévn g C, va eival mapdAnAn pe tov dfova XX, tote e€etdloupe av mMAnpouvtal ot
3 npoiUmnoBéoelg Tou 6. Rolle.

YHAPXEI & & (a,B): II(&,f(8).f'(8))=0

Ma va BpoUpE TNV apxLKr) CUVAPTNON TNG TIAPACTOONG TIOU TIPETIEL VAL OPLOOUE yLa VO EPOPHOCOULE
T0 Bewpnua Rolle, Ba xpnoomoloUpe TN MAPAKATW AOYLKA:

- M€pvoupe TN oxéon otn popdn h(X) =0 (uetadépoupe GAouG TOUG OPOUG
OTO TIPWTO HEAOG BETOVTAC WC AYVWOTO TO X)
Av n napdotaon h nepléxetL to x Kot , TOTE:

Bpilokw TNV apxkn tng h pe Bdon tov mivaka Bacikwyv mapaywywv. Eivat:

’

e =[ X ] k-1 covx=(nux), nux=(-cvvx) € =(ex)' , §=(In|x|)',

k+1

==(2%), == (o), = =(-o0x)

Jx oLVX nu2x
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Av n napaotaon h nepiéxet to f (x) Kat to f'(x), TOTE:

1o: ApXKa mapatnpew av n napactoon h elvol | LnNopet va HeTtacynatLoTel

o€ mapaywyog ywouévou A mnikou. f'g+fg’ = (fg)’ A f gg_zfg = [g)

20: Av 6ev LoYVEL TO ponyoupevo efstalw av n mapdotacn h npoépxetal and

nopAaywyo ocuvOeong.

£ (x)'(x) = (fk+1(x)] ':((—XX))=('n[f(X)])' av f(x)>0,

J;%)) =(z f(x))', ef<x>f'(x)=(ef<x>)', '(x)oovf (x) = (nuf (x))

£ ()t (%)= (vt (x))  — ) _ (eof (x))

cuvf (X)
30: Av 6&v LOXUEL KATIOLO OO Ta tponyoupeva, Ppépvw th mapaoctacn h otn
popodn f'(x) + g(x)f (X) =0 kat toMamactédw pe to e, érou G

apXLKA TG g. TOTE n ox€on ylvetal:

o8 () +" (01 () =0 &> € () () 1) =0 4

[0 (x)] =

2YNAYAZMOI OEQPHMATQN

> TMoAég popég yia va amodeifoupe ot undpxel & € (a,B) tétowo, wote : f'(£)=0 1 f7(&)=0

f...5ev oupnephapBavetat epdavig oty ekpwvnon n ouvdrkn f(a)=F(B) i f'(a)=f'(B),
TOTE EVOEXETAL VA TIPETIEL VAL XPNOLUOTIOIOOUHE TO Bswpna tou Bolzano 1} to Bewpnua
evllapeowyv TlHwV Ato Bewpnua tou Rolle og Ao Sidotnua ; o€ &AAAn cuvdaptnon.

TOYAAXIZTON MIA PIZA

Ze aoknoelg mou {nteital va anodeifoupe 0tL N e€lowon f(X) = 0 éxeL Touldylotov pia pia oto

Sudotnua (a,B) KAVOUE Ta €EAC:

e E€etaloupe av epapuodletal to 6. Bolzano yia tnv f oto [oc,B] N av n ocuvaptnon €xeL mpodavn pila

oto (a,B).
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e Av dev oupBalvel To TponyoUpEeVo, TOTE BewpoU e TNV apxtky cuvaptnon F tng f (dnAadn t
ouVAPTNON YLO TNV omoia LoyUEL F'(X) =f (X) yla kabe X e [(x,B] ) ko epappoloupe yU auvtn, To 6.

Rolle.

Av {nTtouvtal touhdylotov v pilegc oto (a,B), ToTE YWwpiloupe To SlAoTNUA OE vV UTIOSLAOTAOTA KOl

arnodelkvUoUE OTL 0 KABe SlAoTnUa UTTAPXEL pia TouAdxLoTov pila.

’

K+l
Mo tnv elpeon TG F XPNOLLOTIOLOULE TIG TTAPAKATW QVIUTOpaywyioeLg: X* = [ J , K#E-1,
K+

!

=(In|x|)’, covx=(np.x),, nux=(—cuvx)’, et =(ex)

X |~

TO MNMOAY K PIZEZ

MNa va anodei€ouvpe o6t n e€iowon f (X) =0¢xeL

. . . . f [ °
TO MOAU K pileg kKAvoUUE Ta €EAG:
. . , , ' & & &

YroBétoupe otun f €xel (k+1) pileg f e o
" §4 ‘%5

P1:P2s 1Pyt HE p1<pz<'"<px<px+1_ f e ©

Yuudwva pe to Bswpnua Rolle unapyouv £3) g

& c(pp.) & e(Pps)  Ece(piPen)

TETOLO, WOTE: f’(é’;l) = f’(é’;z) = = f’(}’;K) =0. E€etdloupe av n f’ umopel va €xeL k pilec.

Av 6ev umopel, tote £xoupe KataAnéeL oe atomo, onote n f dev €xel (K+1) pillec kat €xeL TO MOAU K
pilec. Av to drtoro Sev eival epdaveg otnv f’ cuveyiloupe tnv mponyoupevn Stadikaoia kat Bpiokoups
(K—l) pileg otnv " k.0.k.

AKPIBQZz MIA PIZA

Mo va anodeifoupe ot pia e€lowaon €xel povadikn pila oto diaotnua (a,B), Ba amodelkvuoupue OTL N

avtioTolyn ouvapTtnaon £XeL TOUAGXLOTOV pia Kal To TIoAU pia pila oto dtaotnua auto. Mevika LoyUeL:
TovAdayiotov piat + 10 TOAD pioe = Akpifog pia piCa

MNa to «TtouAdylotov piar», Ba ebapuodcoupeE:

e Oswpnua Bolzano

e 0. Rolle otnv apyikfi ocuvaptnon (apxwkn g f eivarn F, 6tav F' =) R

e Oa Bpoupe mpodavn pila tng f oto dtdotnua (0.,[3) .Na va anodeifoupe 6tTL €xeL To MOAU pia pila,
Ba umoBéooupe OtL €xeL dUo pileg p,.p, e(a,B), pHe p, <p, kat epappolovtag 6. Rolle oto

[pl,pzj, Ba kataAnfoupe oe droro.
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OMT

» Aueon epapuoyi tov O.M.T.
E€etaloupe av n cuvaptnon glval cuvexng oto [a,B] KOl TTOP Oy WYLOLUN OTO (a,B)

» Tewuctpixy epunveio O.M.T.

Y€ 0lOKNOELG OTLG omoleg {nteital va deiyOel 6tL utdpxeL onpeio (&,f (E;,)) tng C, , oto omoio n
edamrtopévn ivat mapaAAnAn os kamola xopdn mou opileTal amo ta ocnueia A(a,f(a)) Kall

B(B,f (B)), Ba e€etdooupe av epapuoletal to O.M.T. oto StaoTnua [oc,B] .
»  Awvicotikés cyéoels ya tyués s f

Y€ QVIOWOELG TTou BENou e va amodeifoupe pia aviowaon ylo CUYKeEKPLUEVN TN TG f, Ba
epapudlouvpe, epocov mAnpouvral ot mpoinoBéoelg, ©.M.T. yia tnv f oe katdAAnAo Staoctnua.

Emiong, av woxVel pia aviootikn oxéon yla tnv f', tote auto amotelel évdelln yla edapuoyn 6.M.T.

AIAMEPIZMOZ AIAZTHMATOzZ

> f1(&)+f(8,)+..+F(&,)=x

Acknoelg otig onoieg {nteitat n vmapén &,,§,,....&, € (oc,B), WOTE va LoXVEL:

(&) +F(&,)+...+f' ()= K

Xwpiloupe 10 [a,B] o€ v loa umtodlootApaTa, TToU To KaBéva €xeL TTAATOG kol epapudéloupe to

B-—a
v
OMT ota SlaoThpaTa aUTd.
> AF(E)+AF(E)+.+AF(E,)=x
AckriogLg oTig oroieg {ntettan n brapén &,,E,,...&, € (a,B), wote va oxvet:

A‘lf,(gl)+)\‘2f’(§2)+"'+7\’vf’(§v)=K ue ALA,, LA, EN*-

d=(B-a) A+, +..+A, =heN*

Eotw Kol

Xwpiloupe to [a,B] os v umodLaotipoTa: |:a,X1:|,|:Xl,X2:|, ...,[Xv_l,B],

A €0

a X ) G Xo
HE avtiotoy a mAdTN: 81=%d,82=%d,...,8 =% Ko 1 ’ P

v

epapudlovpe O.M.T. o kKaBEva Ao AUTA KaL OTN CUVEXELO TIPOCHETOUE KATA HEAN.
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2YNAYAZMOI OEQPHMATQN - OEQPHTIKEZ AZKHZEIZ

> Yrapén £e(a,p) pe £(8)=0.

Edappdloupe Rolle yia tnv f' oto 6Ld0tr]ua:|:§1,§2:|g (a,B) orou ta & ,&, €xouv mpokueL ano

edpappoyn tou ©.M.T.
> Yropén €&, e(a,B) us /(&) (&,)=.....

Y€ AoKNOELG SLASOXLKWV EPWTNUATWY OTLE OToLeC ponyeitat umtapélakod mpoBAnua (umapyet
X, € (o, B)...) kaw akorouBei poPAnpa urapéng &,,€,,€(a,B), ta onola &;,&, va tkavorotodv pia

oxéon, tote ta §,,&, Ba mpokUYPouv anod epapuoyr tou O.M.T. og kabeva amnod ta Staotipata I:(],, X0:|

Ko [XO,B].
> Yrmapén Ee(o.B) pe F'(E) 41"(E) <1 >0

Edapudlouvpe Stadoxika OMT 1) kot O.Rolle, wote va BpoUUE TO MPOCN O TWV f’(&l) ,f'(&z) KOl oTN
ouvéxela epapuolovpe O.M.T. otnv f’ oto [&1, &2].

s 7\'1 A‘2 —
> Yropén &l,gz,..e(a,ﬁ) ue f’(gl)+f'(§2)+m_ .......

Oa dlapepiloupe to olvolo TipHwy TG f og avtiotola dtaothuata kat pe xprion touv 6.E.T. Ba

Bpiokouue X,,X,,...€ (a, B) TWV OTOLlWV OL THEC lva LOEC e TIC BEoELG SLapépLong Tou cuVOAou

TWHWV. 2Tn ouvexela Ba epapuoloupe to ©.M.T. ota avtiotoa Staotiuata.

ANIZOTIKEZ ZXEZEI2

Mo va anodeifoupe pia aviowon ylo cUYKEKPLUEVES TIHEG TNG f, Ba edapuolouvpe, epooov mAnpolvTal
oL mpoUnoBeoelg, ©.M.T. yia tnv f oe katdAAnAo Sidotnua.

Ye aviowoelg dvo petaBAntwy Ba mpoonabolpe va oxnuaticoupe t Sladopd f(B)—f(a) €T0L WOTE
va «avakaAupoupe» mota eival n f kat molo to dtaotnua [a,B] oto onolo Ba edapudooupe 10 ©.M.T.

3tn ouvéxela Ba epappoloupie Tov opLlopod povotoviag yia tnv ' otnv aviowon: a <& <

2TAGEPH 2YNAPTHZH

MNa va anodei€oupe OTL pla cuvaptnon ival otabepr), Ba anodekvuoupe OTL f'(x) =0. lNa va BpolLue

™ otaBepn TN tng ouvaptnong, Ba B€toupe otn B€on Tou X, KATAAANAO aplOuo.

Emipédeta:NikoAaocg Saunavng — Madnuartikoc / nikossab30@gmail.com 31




EYPEZH TYNOY

» Moppn f’(X)= h(x)

Bplokoupe tnv apxkn Htng g ( H'(x) = h(x) ) e BAoN TOUC MOPAKATW TUTIOUC AVTLITAPAYWYLONG:

XK :[ XK+1 ]' e _1’ l _ (In|x|), ’ GULVX =(T”,I,X)” Nuy = (—O'UVX)" ex =(ex)’ .
k+1 X

Tote n oxéon f’(x) = h(x) yivetau: f'(x) = H’(X) <:>f(x) = H(X)+c .......
> Moper f'(x),f(x),x=h(x)

Bpilokoupe tn apxikn H tng h

1o: ApXLKQ TTAPOTNPOULE AV TO TPWTO HEAOG £lval I UTTOPEL va yivel

nopdywyog ywopévou i tnhikou. f'g+fg’ = (fg)’ A f gg_zfg = (%)

Tote (f(x)g(x))l =H'(x) & f(x)g(x)=H(x)+c... ( ?’3} H' (X))

20: Av bev LOYUEL TO TPONYOUHEVO £E€TALW AV TO TIPWTO HEAOG TIPOEPXETAL OO

Tapaywyo ouvOeong.

#(x)F(x) = (fk+l(X)J k#-1 (x) (In[f(x)]) owf(x)>0

M=2f(x)' f(x MY
769 "0 ety (ey P (x)oovt ()= (nut ()

30: Av 8gv LOXUEL KATTOLO ATTO T TPONyoUEVa, GEPVW TO MPWTO PEAOG OTN Hopdn
f'(X)+ g(X)f (X) =0 kot moA\amAaoldlw e To eG(X), omou G apxtkn g g.

Tote n oxéon ylvetad:
e (x)+e°Pg (x)f (x) =h(x) & e*f" (x)+ (e )' f(x)=H(x) n

[eG(X)f (x)], = H'(x) & e°Yf (x) = H(x)+c...

Mapatnpnon: f’(x)=f(x) <:>f(x) =ce’, ceR.
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MEAETH MONOTONIAZ — NMPOzZHMO 2YNAPTHZzHz

lNa vo peheticouvpe pia ouvaptnon f wg mpog th povotovia, peAetdpe to npdonuo tng f' kat
epapuodlouvpe to Bswpnua.

I€ OPLOMEVEC TIEPUTTWOELC elval SUokoAo va Bpouue to mpdonuo tng f'. Tote katadelvyoupe otn
Seutepn napdywyo f”. Me Bdon to npdonuo tne ", Bpiokoupe tn povotovia tng f' kat otn cuvéxela
ard to npdonpo tng ', tn povotovia tne f.

Ma va BpoUpe tn povotovia Tng cuvaptnong MOAAAAOU TUTIOU PEAETAE TO TTPOONO KABE KAASOoU TG
f', éxovrag unmdPy 6tL T napaywylolpotnta tng f oto onueio aAlayrg tou tumnou, dsv xpeldletal va
™ yvwpiloupe ylati dev emnpedlel tn povotovia tng ouvaptnong. Tn CUVEXELQ OUWE TNG oUVAPTNONG
oTo onueio aAAayng tou Tumou, Ba tn peAetape adou xpelaletal oto Bewpnua povotoviag.

2YNOAO TIMQN

Oa Bplokoupe To GUVOAO TIHWY, O KABE €va amod ta unodlaoTtripata Tou ediou oplopoU ota omola N
OUVAPTNON ELVOL GUVEXNC KOL YVNOLWE LOVOTOV.

MONOTONIA KAI ANIZQZEIZ

MNa va anodeifoupe pia aviocwaon tng pLopdng f(X) >0n f(X) <0 pehetdpue tnv f wg mpog ™

povotovia kat epapuolou e TOV OPLOUO HOVOTOVIAG.

Itn nepimtwon mou n f dev elvat yvnolwg povotovn, epapuolouie Tov oplopod povotoviag o€ KaBe Eva
amo to SLoTANOTA TIOU Elval yVNOoLWG LovOTovn.

MONOTONIA KAI EZIZQZEIZ

» To noAu uia pila
MNna va 6ei€oupe ot n e€lowon f(X) =0 &xeLto oAU pia pila,Exoups SVo eNOYEC:

Movotovia: Av n cuvaptnon elval cuvexng Kat yvnolwg povotovn oto (0.,[3), TOtTE N €€lowon f(X) =0

€XELTO TMOAU pia pila oto SLaotnua auTo.

Rolle kat atorto: YoBetoupe OTL xeL 6UO pileg p,,p, ME P, <P, Kot epappolovtag to O. Rolle yia tnv

f oto [pl,p2:|, KOTAAYOUUE OE ATOTO.
» AkplBwce uia pila os diaotnua
Axpipog pia pifa ot dtdotnua = TovAdyiotov pia+ To oAb ua pila
Oa amodelkvUoupe pe 6.Bolzano ) pe 6.Rolle otnv apxikn cuvaptnon otLn f £xel TouAdylotov pia pila.

Oa anodelkvUoupe pe povotovia f pe Rolle datomo ot n f £xel To MOAU pia pila
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» AkplBwce uia pila,

Oa Bpilokoupe mpodavn pila kal otn cuvéxela Ba amodelkvOOUUE OTL N AVTioTOLXN cuvaptnon ival
yvnoilwg povotovn.

Oa Bpiokoupe to oUvoAo Ttiuwv tn¢ f.Av 10 0 avrKEL 0TO GUVOAO TLUWV, TOTE N cuvaptnon €xeL pila n
omola Adyo Tn¢ povotoviag tng ocuvaptnong Ba eival povadiki.

» MAnSo¢ pllwv eéiowons

Oa Bplokoupe To CUVOAO TIHWV TNE AVTIOTOLXNG CUVAPTNONG 0€ KAB£va amo Ta SlooTrpaTa ou sival
yVNolwg povotovn. € 600 amno Ta TPOoNYyoUUEVO UTTOCUVOAQ TOU GUVOAOU TLHWV TEPLEXETAL TO 0, TOOEC

pilec éxeLn efiowon f(X) =0.
» Avon géiowong,

Oa Bpilokoupe mpodavn pila kat otn cuvéxela Ba amodelkvUOUUE OTL N AVTiOTOLN cuvaptnon ival
yvnoilwg povotovn.

EYPEZH AKPOTATQN - EYPEZH MAPAMETPQN

Ta akpotata piag cuvaptnong f, oAwkd ) Tomikad, ta avalnToUe:

1. Tug pitegtng f/(x)=0.
2. Ita onueia mou Sev opitetain f'.

2ta akpaia onpeia tou mediov oplopou, X, X, mou avikouv oto D; (3: otdowpa onpeia).

» Akpotata o ouvaptnon noAAanAouU tunou

f, (x) X< X, , , ,
, APXLKA EEETATOUE TN CUVEXELDL

Mo va BpoUe Ta aKpOTATA TNG CUVAPTNONG f(X) = {f (X) %> X
2\X), X>X,

otn Béon X, .
- Av n f elval ouvexng oto , Tote:

Bpiokouue ta akpotata tng f ava kKAado kat av aAAdleL n povotovia tng f oto X, TOTE KAt AUTO eivat

B<on TomikoU akpOTATOU.
- Avn f 6ev givat ouvexng oto X, TOTE:
€VOEXETAL N CUVAPTNON VO TIAPOUCLATEL AKPOTATO OTO , AKOMN KAl Xwpig

va oAaZeL n povotovia Tng ekaTEPWOEV ToU X, . AUTO TO SLOTILOTWVOUE e Ta TAEUPLKA Opta TG f

0TO X, KaLTO f(xo).

> Av f(x,)> limf(x)2 lim f(x), téte n f napouvoidleL Tomiké péyioto

X—=>Xg

oTo X, .

> Av f(xo) < Iimf(x) <limf (X), 10T N f MapoucLaleL TOTIKO EAAXLOTO OTO X, .

XXG X=Xy
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» EUpeon napauéTpwy UECW AKPOTATOU

Y€ QLOKNOELG TTIOU €XOUE ML OpayWYLoLN CUVAPTNON TIOU O TUTTOG TNG TTEPLEXEL TTAPAUETPOUG TIG
omoieg {ntdpe va pocdlopicoupe wote n f va mapoucidlel akpotato yia X =X, € D;, ue tun y,, tote:

e YroB£toupe, pue Baon to ©. Fermat otL f’(xo) =0.
e Emeldn n TN Tou akpotdtou eivat Yy, , LOXVEL OTL: f(xo) =Y,

Adol BpoUpe Tig mapapétpous, e€etdloupe av ekatépwBev tou X, n ' aAdZeL npdonpo. Mévo torte,

yivovtal SeKTEC OL TUUEC TWV TTAPOUETPWV.

KPIZIMA ZHMEIA

Av pa apaywyiotpn cuvaptnon f éxel kplowpo onpeio to X, ToTE amo to Bewpnpa Fermat woyvel ot

f’(xo) =0, 8nhadn 1o X, eivat pita g ',

AKPOTATO KAI ANIZQZEIZ

> Aviowoeg e popepric (x) 20 7 f(x)<0

MeAetape tnv f wg mpog ta akpotata. Av EXeL EAAXLOTO OTO X, , TOTE f(x) >f (XO) , EVW OV EXEL LEYLOTO

oto X,, tote f(x)<f (XO) .
> Aebopéves aviowoes e popepric f(x) 204 f(x)<0
(A6 aviooTikr oxéon o oxéon LooTNTaG)

Apxka Bpiokoupue mpodavn pila tng f. Eotw otL f(xo) =0, tote n aviowon ylvetalt: f(x) >f (XO) N

f(x)<f (XO) . 2& k4Be mepimtwon n f napouotdlet akpdTaTo 0TO X, .

Av 10 X, elval ecwTeptko Tou mediou oplopov tng f kaw n f elvat mapaywyiown, tote cupPwva pe to

Bewpnua Fermat, Loyvel f’(xo) = 0 kot oo autn tn oxéon Ba MPokKUMTEL To {NTOUUEVO.
> Aviowoeg e popepric h(x)<f(x)<g(x)
JuvnBwg oL avioOTNTEG AUTHG TNG Hopdn¢ anodeikvuovtal pe U0 TPOTIOUG.
106 tpérog: AnoSewviw 6t h(x) < f(x) ka f(x)<g(x) mou eivar g
nponyouuevng Hopdng.
20¢ tpomnoc: Epapudlw to Bewpnua Héong TLUAG yia Tnv f og Stdotnua mou

€XEL WG AKPO TOU TO X (ouvnBwg (O, x))
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» Aviowoelg tne uoppns m<f (X) <M

1o¢ tporo¢: Bpiokoupe To oUVoAo TiwV tn¢ f. Av elvat to dlaotnua [m, M],
10te m<f (X) <M yia kaBe x mou avnkeL oto nedio oplopou tng f.

20¢ tpomo¢: Amodelkviw OTL M Sf(x) Kol f(X) <M mnou eivat g

T(PONYOULEVNG HOPONG.

NMPOBAHMATA AKPOTATQN

» Meéyioto Képbocg — EAdyioto Kéotrog

Av Béloupe va BpoUpe TNV TOOOTNTA X EVOC IPOLOVTOC, TIOU TTAPAYETAL 1) TIWAELTAL, Yl TV oTola

N EMXELPNON TIOU TO TIAPAYEL EXEL LEYLOTO KEPSOG N EAAXLOTO KOOTOC, TOTE:

Exdppaloupe tic ouvaptnoels KEpdoug — Ead6dwv — KOGTOUG, CUVAPTAOEL TWV X LOVASWV
TPOIOVTOG I TNG Kiag LoVASAC TOU TapAYOUEVOU TTPOIOVTOG, aAVAAOYQ LLE TNV EKDWVNON TOU
npoPAnuartog. Eivat: KEPAOZ = EZOAA — KOZTOZ

21tn ouvexela Baloupe EPLOPLOUOUG OTN cuvapTnon ou B€Aoupe va BpoU e TO akpPOTATO.
TENOG HEAETAUE TN OUVAPTNON TIOU MG EVOLADEPEL, WG TIPOC TA AKPOTATO.

» [MpoBAnjuata akpoTATWVY O€ KAUTTUAES
e Bplokoupue T ouvaptnon Tou PeyEBOUC oTo omoio avadpEPETAL TO aKPOTATO. AV N
ouvaptnon mepLexeL Suo petaPAnteg, Bplokou e pio ox€on mou TG CUVOEEL Kal
umoAoyi{ouue TN Hia, cuvapTAoEL TG AAANG.

e BplOKOUUE TOUG MEPLOPLOOUC TTOU SLETTOUV TN KETOBANTH TNE ouvapTnoNng Tou BEAoupe

va BpoUe To akpOoTaTo TNG.

OLmponyoupevol eploplopot kabopilouv to medio oplopoL tNg ouvAapPTNONG.

e  MEeAETAWE TN CUVAPTNON WG TTPOG TN LOVOTOVIA KoL TAL 0KPOTATA.
» [lewuetpika npoBAnuata

Mo va BpoUE €va akpOTaTo eVOG eYEBOUC ToU TepLypAdETAL LECA ATTO YEWMETPLKO TIPORANUQ,

akoAouBoUpe tnv g€n¢ dladkaoia:

e KotookeuA{OUUE OXAMUAL.

e Bpilokoupe tn cuvaptnon f mou ekppalet To péyebog, Tou omoiou {NTAUE TO akpoTaTo. AV n
ouvaptnon nepLEXeL SUO AyVWOTOUC, TOTE HECW TOU OXNUATOC Bplokoupe pia oxéon mou Tig
OUVOEEL KOL AVTIKOOLOTOUE TN Hia, CUVAPTAOEL TNG AAANG.

e Ano 10 oXNUa BPlOKOUUE TOUG MEPLOPLOUOUE OTOUG OTIOLOUG UTTOKELTAL N HeTaBAnTr. Ot
neploplopol autoi, kaBopilouv to medio oplopoL tng cuvaptnong f.

Kavou e PeEAETN povoToviag Kol akpOoTATWY TG cuvaptnong f amod omou nmpokUnTel To {NTOUUEVO.
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MEAETH KYPTOTHTAZ — ZHMEIA KAMIHZ

Kdvoupe mivaka mpoaripou tg f”.0mou f”(x) >0 n f eivar kuptr kaw 6mou £7(x) <0 n f elva koiAn.

Ta onueia tou D, mou n f” aAAalel mpdonpo eivat onpeio KoOpmg.

» Zuvaptnon noAAamAou tunou
Ze ouvaptnon noAlamAol tunou emutAéov e&eTdlovpe av opiletal epantopévn tng C; oto onueio

aM\ayn¢ tou tomou. Av vat kat av n " aAA&lel mpdonpo oto onpeio autd, TOTE eival onpeio KAUTAC.

> TMapaueTPIKEC KUPTOTNTAC
Av pla ouvaptnon f mapouaotaletl onpeio KAUMAG TO A(XO , yo) , TOTE:
YrnioB£toupe OTL LoXUEL TO {NTOUEVO, OTIOTE LOYXUEL: f"(xo) =0 kat f(xo) =Y,.

AT TIG TPONYOUUEVEG OXEOCELG UTTOAOYL{OULE TIG TTIAPOUETPOUG.

KAvou e avTIKOTACTACN TWV TILWV TWV MOPAUETpWY otnV f katl emaAnBevoupe tnv unobeon.

KYPTOTHTA KAI ANIZQZEIZ

H ouvelodopd TNG KUPTOTNTAG OTIC AVIOWOELS Eival HEOW TN povotoviag tng ' .
Av n f eivat kupth, n f’ sivatl yvnoiwg av€ovoa kat av n f sivat koiln, n f’ eivat yvnoiwe ¢pBivouvoa.
Av B£houpe va amodeifoupe aviowon e popdnc f(x)2Ax+p 1 f(x) <Ax+p, tote e€etalouvpe av n

y =AX+B eivat epamropévn tng C; kot av n f eivat kuptr A koiAn.

Av n f elval kuptn, TOTE BplokeTal KATW anod KABe epamtouévn Tng, dSnAadn f(X) <AX+B, evw av givat

KoilAn LoxVeL to avtibeTo.

Foo

AMPOZAIOPIZTIA % il

+00
, , f(x) f(x)
Av éxoupe opwo lim—= i lim
X=X g (X) X—>to0 g (X)

napovopaotn elvat kat ta dVo 0 f elval kot ta SUo o, ToOTE:

KOl SLOMIOTWOOUHE OTL T 0Pl TOU 0pLOUNTH Kal TOu

e Edapudloupe tov kavova de I'Hospital (DL'H) otnv mepintwon mou UNAPYXEL TO OPLO TWV TTOPAYWYWV
TOU 0pLlOUNTH KAl TOU TTAPOVOLLOOTH).

e Av egudaviletal kat TAAL  ampoodloplotia,  emavaAapPfdavoupe  Ttov  kavova  DL'H,

tim TO) _ i 77O _ i 7 00) _

m
X—>Xq g(x) x=%) (X) X—>Xo g”(x)
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NopatnpnoELg

- O kavovag DL'H epapudletal kal og MAEUPLKA OpLaL.

- Av o kavovag DL'H edapuootel o€ un anpoodloplotn popdrn, mpokUTTeL
AaBog oplo.

- MpémneL mAvta va TPOCEXOULE OV UTIAPXEL TO OPLO TWV TOPAYWYWV TIOU

TIPOKUTITOUV YLOL VAL UTTOPOULE VoL EPapUOCOUE ToV Kavova DL'H.

AMPOZAIOPIETIA 0-(40) , 00—o0, 0°, 07, @ , 1% 0-(e0)

X—>1o0 X=>Xp

Av éyovpe Iim[f (x)g(x):l R lim [f (X)g(x)] pe limf(x)=0 ko lim g(x) 400 , TOTE, Y100 VoL
GPOVLE TV OITPOGIOPISTia, PETOcNUATI{OVE GE GOVOETO KAAGHO Kol TEPVALE GE ATPOCAIOPICTIES 0

N 2, 7oV T1S VToAoyilovpe 6TwS otV TPAOTN UEB0S0. ZuyKEKPIUEVAL:
o0

im 03]
Ilm[f x)g(x)] 9(x)

Xo>%, )[Lrgg(;() (iw)
| ()

© 0
0°,07,1%, (+0)
Otav éxoupe va umtoAoyicoupe 6pto ¢ popdng lim [f (X)]g(x) KOl T(POKUTITEL AMPOOSLOPLOTIA TNG
X=Xg
nopodnc 0° 4 1¥° (+oo)0, TOTE:
- Metaoxnpatiloupe [f (x)]g(x) = gI0JInf(x) f(x)>0.

- Eivat lim [f(x)] = |im g*®"()

X=X X—>Xg

YrtohoyiZoupe To dplo Tou ekBétn lim [g (x)Inf (x)] , OTO OTIOLO EVEEXOUEVWC VOl
X—>Xq

edapUdOOUE KATIOLA ATIO TLG TTPONYOUUEVEG LeBOSoUG.
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AZYMNTQTEZ

» Katakopupn aocuuntwin

Bpiokoupe to nedio opopov D; .

Av to edio OpLOUOU €XEL AVOLKTO AKpo a € R, tote e€eTtdloupe Ta dpLa Iimf(x) A lim f(X) A
X—>o

X—o

lim f(X) .Av KATTOLl0 Ot Ta IIPoNyoU eV Opla ival 10, TOTE N X = oL €lval KATAKOpUPN acVUTTTWTN.

x—a’

Mropeito a € D, kot va gival onueio aAayng timou piag cuvdptnong nou dev eivat cuvexng oto a.

Av kamolo a6 ta MAEUPLKE Opla 0To a eivat 00, TOTE N X =0 givat katakopudn acvpmtwtn g C, .
» MAayia - Opi{ovtia aoCUUNTWTH

Bpiokoupe to medio opopol tng f. Avto D, €xeL dkpo 400 1} —oo, TOTE evéexopevwg n C, va

EXeL MAAyLa 1 opllOVTLA ACUUTTTWTN.

Bpiokoupe ta XI_IHL@ =A kat lim (f(x)—kx).

X—>+©

f(x .
Av lim Q=7\,ER* kat lim (f(X)—?uX)=ﬁGR,T(')TE ny=AX+p eivat mAdyla acOurTwn

X—>+00 X X—>+00

g C; oto +0o.

Av A =0 kot lim f(X) =BeR, tote n y=P eivar opévtia acuuntwtn g C, oto +oo.

X—>+a0
Me opolo Tpomo e€etdloupe TNV mAAyLa f opl{ovtia acuumntwtn tng C, oto —o.

OAOKAHPQMATA

n OPIZMOz OAOKAHPQMATO2

»  YrmoAoyiouog oAokAnpwpatog Ue tov oplopd o vol UTTOAOYICOUE TO I Bf (X) dX pe tov

B—a

opLopo, apxika Bpiokoupe to AX = —— Enetta Bpiokoupe to & = a4+ KAX Kot ypAadoupe To
%

f (&, ), avikaBotwvrag otnv f o &, . Ixnuatifoupe to dBpotopa
S, =f (&) Ax+f(&,)Ax+...+f (&, ) AX, 6mou pe katdAAnAeg mapayovromnouroeLs epdavijoupe
v(v+1) , v(v+1)(2v+1)

2

,P4+22 4+ Vi = KalL

ta Baoikd abpoiopata: 1+2+...+v = 5

P+2%+.+V° :{#} Eivau ij(x)dx: Iirpw(if(iK)AxJ

» E@apuoyn twv t6LoTHTWV TOU 0PLOUEVOU OAOKANPWHUATOG KAVOUUE Xpron TwV LLoTATWY Tou
avadépOnkav otn Bswpla.
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n YMNOAOTIZMOz zTOIXEIQAQN OAOKAHPQMATQN

Ta Paoclkd oplopgéva OAOKANPWHATA Ta UTOAOYLW(OUHUE XPNOLUOTIOLWVTOG TIG LOLOTNTECG TwWV
OAOKANPpWHATWYV Kal To Bepedlwdeg Bewpnpa Tou OAOKANPWTIKOU AOYLOUOU:

["t(x)x=[6(x)]" =6(8)-G(a)

ormou G pwa apyikn cuvaptnon tg f.
» OAokAnpwua ouvaptnong mroAAanAou tumnov

E€etaloupe apyika tnv f w¢ mpog tn cuvéxela oto dLaoTna OAOKANPWONG.

510 onpeio X, €(a,B)mou n f alAdeL tomo toxveL: IBf (x)dx = IXO fl(x)dX+J-f f, (x)dx

H MEGQOAOS PHTHE SYNAPTHIHS | B%dx
BaBu6G P (x) < BaBué Q(x)

A. Av otov aplOuntn Ue KOTAAANAO HETAOXNUATIONO pudavileTal N MapAywyos TOU TIOPOVOUAOTH,
dnhasdn P(x)=AQ'(x)

. _ BXQ'(X)X_ Bm X =AlIn|Q(x)+c
10T I—Lwd —XL Q(X)d Al |Q( )|

B. Avto P(x) &ev maipvet tn popdn AQ'(x) tote avatoupe o Q(X) O YIVOUEVO TAPAYOVTWVY.
Eotw: Q(X)=(x—p,)(x—p, )3(OLX2 +Bx+y), TOTE:

P(x) >

(x—pl)(x—pz)?’(ocx2 +Bx+y)

A B r A EX+7Z
+ + =+ -+ —
X=pi X=P, (x=p,) (x=p,) X +PX+y

Kdavoupe opwvupa oto SgUTEPO HEAOG KAl AmALTOUE oL aplBuNTEG Twv SU0 KAAOUATWY va glval ioa
noAvwvupa. Etol dnuiovpyeitatl cvotnua, an’ énouv Bpiokoupe ta A,B,lLA,E,Z,... 3TN CUVEXELD

.

BaBuécP(X) 2Babpué Q(x)  :Kavoupe v Swaipeon twv moAvwvipwy P(X):Q(X) kat éotw mt(X)

, , . . B
uTtoAoyi{ou e To oAOKANpwua HE BAaon Tov TUTo Lxdx = [In |1<x +A
o KX +

TO MNAiKo Kal U(X) TO UTIOAOLTO.ATO TNV TAuTOTNTA TNG EuKAeidelag Slaipeong eival

X)= XTCX+UXC>M:TCX+U(X) T(')TE' BP(X) X:BTEX-FM X
P()=Q()x(0)0(x) = =)+ 2 e [ 20 L[ ) Q(X)}
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n NMAPATONTIKH OAOKAHPQ2zH

XpNOLUOTIOLOVHE TOV TUTIO Iﬁf (x)g'(x)dx = [f (x)g (X)]z —I:f'(x)g (x)dx

o

JuvnBbwg Tta oAoKAnpwpota Tou £PaAPUOlOUPE TIOPAYOVTLKH) OAOKANPWON TEPLEXOUV YLVOUEVO

ouvapTioewy péoa oTig onoieg urtapyouvv e P, nu(ax+B), cuv(ax+p), In(h(x)).

H ouvaptnon n omoia €MAEYOUE YLA VO QVTIKATOOTCOUUE E TNV APXLKN TNG YLt VA EGOPUOCOUE

TOV TUTO, UE OELPA EMAOYNAG ElvalL:

eax+B

e mu(ax+B), cuv(ax+p)

e g(x)moAvwvupo

1 (av umtdpxel ONOKARpwW L I:In(g(x))dx )

H MEGOAOzZ ANTIKATAZTAZHZ

Mo va urtoAoyicoupe ohokAnpwpota e popdng I = J.ﬁf (g(x))g’(x)dx KAVOUE Ta EEAC:

e Oétoupe u=g(x) onodte du=g'(x)dx

o ANGZoupe ta dpto ohokApwong: NMa X = a givaw U, =g (o), evw yia X = eivow u, =g(p)

Tote 1= Ig((B;f (u)du ko To uoAoyiZoupe avdAoya.
g(a

n OAOKAHPQMATA ME PIZEZ
> IBH(X,.V/ ax+B)K)dx, v,keN*

1 1
106 tpérog: Otoupe kat axX+B=U< x=—(u—B) kar dx=—du.
a a

206 TPOmoG: OETOUpE Y (()LX+[3)K =U< (ax+B) =u' e X= l(u‘: —BJ (1) apa

v

v -1

dx=—u* du
Ko
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Ze aoknoelg mov epdavifovrat puiikd Stapopetikng Tagews aAAd pe To ido umopwlo ax+p,
KAVOULLE Ta EENG:

Bpiokoupe to E.K.M. Twv Tafewv Twv pL{LkWV KoL €0TW AUTO Elval V.

. Vo
Oé¢toupe Yox+PB =U< ax+B=u" kat dx=—u""du
o

> Oloxkimpopata g popeig I, =J‘_pp4/p2 —-x%dx, 1, =I:»\/2px—xzdx
y A
Eneldn 4/p? —x? 20 kat [2px—x% 20

ta |, |, umopouv va avtipetwniotovv wg epPasda. /\

=Y

\ o p,:'
\ ’

Eotwy=4p’ - X &y’ =p’-xX* &x’+y*=p° AN P
To |, eivaito epPadov touv nuikukAkou Siokou tou Suthavou OXNUATOG.
Ereldn yua 1o euPado tou KUKAOU LoXUEL OTL

, E =np°
E=np?, eivan |, =— ="

2 2 YA

NMato |, éxoupe: y=2px—Xx* & y* =2px—X* &

2 "
x* —2px+y? =0& (x—p) +y’ =p° o/‘K(p,o‘)_

Anhadn to to 1, eivalto epPadov tou AN 7

TETAPTOKUKALOU TIOU EXEL KEVTPO K(p,O) KalL aKTiva p

Tou Suthavou oxNUaToG.

E 2
Apa |, =Jlopx/2f)x—x2dx=$=%.

7/ | TPIFQNOMETPIKA ONOKAHPQMATA
» OAokAnpwuatoa tnG HOPPAG I Bnp."Xcuv”de, v,ueN

Av o v N o p eivaw mepLttdg akepalog. Eotw p= 2k +1, tote:

2x+1

I: nu'xoouv*xdx = I: nu'XoovTxdx = I: MU XoLV*XoLVXAX = I: nuvx(l — 1'”,L2X)K ouvvxdx

2Tn oUVEXELA BETOUPE MUX = U Kol UTIOAOYI{OUE TO OAOKANPWHLA TTIOU TIPOKUTTTEL.
Av oLV, ElvalL ApTLOL, TOTE XPNOLUOTIOLWVTOG TOUG TUTIOUG OTOTETPOYWYVIOUOU:

».  l—0ovv2x 2. l1—0ovv2Xx nNu2x
NUX=——FF— oVV'X=—"—"— MNUXOLVVX = ————
2 ) 2 KOl 2

TO OAOKANPWUO LETATPENETAL O AOpOLoHO OAOKANPWHATWY TToU UTtoAoyilovTtol EUKOAOTEPQ.
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n OAOKAHPQMA ANTIZTPOO®HZ 2YNAPTHZHZ

Otav BéAoupe va BpoUpe To oAokARpwHa TS avtiotpodng cuvdptnong ™ piag cuvdptnong f kau
Sev pumopoUpe va BpoUpe Tov Tumo tng f tote:

O¢tovpe f*(x)=u (1) onodre f(f‘l(x))zf(u) snhadh x=f(u) (1)dpa dx="Ff'(u)du.zmv (1)

v x=a éxoupef(u)=a.

Bpilokoupe amnod tov tumo tng f TNV TYn u; yla Tnv omola f(ul) = dpa U=U,, Opola yia X=p Ba

eiva f(u)=p="F(u,), bnhadh u=u,

TOPALYOVTIKT

Apa I=j:f‘1(x)dx= I:zuf’(u)du = [uf(u)]:—j:f(u)du

n OAOKAHPQMATA THE MOPOHS | "f (yx+8)dx , f dyvoom

Y€ QOKNOELG TTOU UTIAPXOUV OAOKANPW AT TIOU TIEPLEXOUV CUVAPTNOELG TNG TAPATIAVW LOPPNC,

Bétoupe yx+8=u<:>x=%(u—8) <o dx = Zdu. Tote J'ﬂf(yx+8)dx=$ ::::f(u)du

'Y o
ANIZOTIKEZ ZXEZEIZ

> Awvicotikij cyéon ThS HopYis j :f (X)dX > I : g (x)dx

Av f(x) 2 g(x) vio ke x €[a,B], tote: f(x)—g(x) =0 ko

I:(f (x)- g(x))dx >0 jff (x)dx—ﬁg(x)dx >0 I:f (x)dx > _[jg (x)dx
> AVIOOTIKI} axéan TG HopPric Y < I ff (x)dx<8

MeAetoupe tnv ouvaptnon f wcg mpog ta akpdtata oto daotnua [a, B] . Avm n gAayiotn T g f

kat M n péytotn tpn tng f tote: m<f (X) <M, onote K(XLI: madx SI:f (X)dx SI: Mdx <

m(B-a)< [ f(x)dx<M(p-a)
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TO OPIZMENO OANOKAHPQMA Q2 APIOMO2

Otav ot oxéon epdaviletatl ToOANEC POPEC Eva OPLOUEVO OAOKANPWLA, TOTE UMOPOUE VA TO BECOUNE

(0o pe évav aplBuo A kat va urtodoyicou e To A and tn 6oBsioa oxéon.

Otav Sivetal pia oxéon tne nopdnc J':g(x)f (x)dx=f(x)+h(x) (1)
omou ¢, h yvwotég ouvaptnoelg kat {nteitat o tunog tng f tote:

B
Oa Bewpoupe J' g(x)l‘ (X)dx =ce R kat avtikaBlotwvrag otnv (1) 6a untoAoyiloupe To C.

28 [Pf(x)dx=F(B)-F(a)
Y& aoKkNoeLg ou eudaviletal to IBf (x)dx omovu n f elval dyvwotn ouvaptnon, TOTE UMOPOUE Va

Bewpriooupe tnv apxtkn F tng f kal va avilkataotrioouEe To OAOKANPWUA LE F(B)— F(a).

EMBAAO XQPIOY MNOY 2XHMATIZETAI ANO TH NTPADIKH NAPAZTAZH MIAZ
MONO 2YNAPTHZHZ
> EpBaébo nouv opiletarand C., X'X, Xx=a,x=p
Apxlka amodelkvuoupe otL n f elvat cuvexng oto [u,B] .
Bpiokoupe Tig pileg kaL To mpoonpo g f. Av p,,p,,...,p, Piles NG f oto dtaotnua [a,B] , TOTE

E(@)=[" f(x)\dx+j:

> EpBaébé mou opiteraw ané C., XX

f(x)‘dx+ '°'+I: ‘f(x)‘ dx

Bpiokouue TG piteg p,,p,,....p, KoL TO Mpoonpo tng f. Evat

E(Q)= jp" f(x)|dx+ j:

» Oplo guBabou

Py
f(x)dx+..+ f(x)dx

(et [6(x)
Av {nteitat to epPado mou nepikAeietat anod tn C, kat Tig ACUUMTWTEG AUTAG, TOTE:
Bpilokoupe TG acUUMTWTEG Kot T oXeTkr) B€on tng C, wg mpog TG aCUUMTWTEG.
O¢toupe katakopudn eubeia X =1 yia va oploBstnBel to ywplio.

Bplokoupe to E(t) KoL TO !Irtn E(t) N t“erE(t)'
—t, -+
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EMBAAO XQPIOY NOY 2XHMATIZETAI ANO TH IPA®IKH NAPAZTAZIH AYO H
NEPIZZOTEPQN 2YNAPTHZEQN.

> EuBabo rou opilerat ano C,, C, X=a kat X= B
Opiloupue Tn cuvaptnon h(x) =f (X)— g(x), Xe [a, B] .

AmnobelkvUoupe otL n helval ocuvexng oto [a,B].

Bpiokouue tig pileg kat to mpoonuo g h. Av p,p,,...,p, Pileg Tng h oto didotnua [a,B] , TOTE
E(Q)=["Ih(x)[ax+["h(x)dx+..+[ [n(x)]dx

»  EpBaédo rmou opietar arté C;,C,

OpiZoupe t ouvaptnon h(x)=f(x)-g(x). Bpiokoupe T piteg p,,p,, ....p, KaLTO MPOGNUO
¢ h. Elvat

E(Q)=I:2

1

h(x)‘dx+ et

h(x)‘ dx+ :: h(x)| dx

Py
Py-1
» EuBado mou nepikAcictal ano 3 N mMEPLOOOTEPES YPAPLKES TAPACTACELG

Otav Béloupe va Bpolpe 10 £uPadd mMou oXNUATIETAL QMO TG YPOPLKEC TIOPACTACELS TPLWV N
TIEPLOCOTEPWV OUVAPTHOEWV TOTE:

e Oa Bplokoupe Ta onueia mou Tépvovtat ava SU0 oL ypadLKEG TTAPOOTACELS, AUVOVTAC TO aVTioToL
cuoTuata.

e Oa oxeblaloupe oto 610 cuoTNUA AEOVWVY TIG YPAPIKEG TAPACTACELS OAWV TWV CUVOPTHOEWV
ONUELWVOVTOC KoL Ta avtioTolyo onpeio Topng Hetaél Touc.

e And kaBe onuelo Topng dUo ypadkwv mapactacswy Ba pépvoupe KABeTEG oTov X' X Kot £T0L TO
apxLko xwpio Ba xwpiletal oe empepoug xwpia ou Ba dnpoupyouvial amo Tig YpopLKES
TAPACTACEL SUO LOVO CUVOPTHOEWV.

To cuvoAwKo epPado Ba mpokumtel abpoilovtag Ta EUPAdA TWV EMUEPOUC XWPLwV.
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EMBAAO MNMOY OPIZETAI ANO TIZ C,,C_, ,x=a,x=

Apxika amnodeikvuoupe otL n f avtiotpédetal.

e Av éxoupe tn Suvatdtnta Bpiokoupe Tty £ kat TOTE To INToUHEVO eUPadd eivat:
B -1
E(Q) = [f(x)-1(x)|dx

e Avotumog tng ™ Sev punopei va Ppedet, Tote oxnuatitouvpe ™ Stadopd f(X)— X.
Av f(x)—X >0 f (X) > X tote n C,; Ppioketatl mavw amo tnv eubeia Y =X kat Adyw cuppeTpiag n

C.™ Bploketal kdtw and v Y =X, Snhadh f(X) >f! (X) Av f(X)—X <0of (X) <X, TotE

f(x)<f7(x).

AIAXQPIZMOzZ EMBAAOY

» Katakopupog Siaywplouoc epuBadou

e Kdvoupue oxnua.

e YmnoAoyiloupe to euPado E 6Aou Tou cUVOALKOU Xwpiou.

e Av {ntettal n katakopuodn eubeia y = A mou Slapepilel To xwpio o Adyo epPfadwv
E , E. « E.+E, a+1 E ,
—L=q,01: Lt=——1—== < —=(a+1)<E=(a+1)E, ko ané mv
E, E, 1 E, 1 E,

Televtaia ox€on umoAoyiloupe to A.

» Opulovtiog n mAdyLog Sltaxwplopuos euBadou

e Kdavoupue oxnua.

e Bpilokoupe Ta onuEla TOUAG TWV KOPUPWV Tou {NTOUEVOU XWpPLou Kal kaBopillou e TIg
Katakopudeg euBeieg mou oploBetolv ta {nToupeva eppada.

e Bpiokoupe T0 euPfadov 6Aou Tou xwplou E

e YrnoAoyiloupe ta enpuépoug napapetpkd eppadd E; n E, mou kaBopifovrat avéioya
LLE TNV AoKnon.

e KAvovTag avIlkataotoon otn OXECN MOV LoXVEL LA TO SLAXWPLOUO TWV EUBASWV Kal PE
UTTOAOYLOMOUG o auTr tn oxéon Pplokoupe TNV MAPAUETPO.
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